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CHAPTER I. INTRODUCTION 
The cardiovascular cystem maintains life by transporting oxygen and 
nutrients to the tissues and by draining the waste products away from the 
tissues. It also helps maintain the body temperature. Thus, the impor­
tance of having a healthy cardiovascular system cannot be overemphasized. 
Hence, understanding the behavior of this system is of paramount impor­
tance In the prevention and treatment of cardiovascular diseases. Empha­
sizing this Importance Is the fact that these diseases account for almost 
one-third of all deaths in Western countries. In the United States 
alone, there are more deaths from cardiovascular system related diseases 
than from any other disorder. 
Current methods for diagnosis of these diseases are mainly invasive 
in nature, and under certain conditions there are risks Involved with 
these methods themselves. Therefore, there is a definite need for better 
and more accurate noninvasive diagnostic techniques. Two very Important 
parameters to be measured in diagnosing arterial disease are the flow and 
pressure. Today, ultrasonic devices are being used to obtain flow and 
pressure variations nonlnvaslvely, but reliable techniques to calibrate 
such Instruments under in vivo conditions are yet to be found. However, 
a considerable amount of research effort is being directed towards im­
proving ultrasonic devices. As a result, the future of the use of these 
devices to nonlnvaslvely collect flow and pressure data in the cardiovas­
cular system seems promising. 
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With the development of Instruments to nonlnvaslvely measure pulsa­
tile pressure and flow, a need arises to satisfactorily Interpret the 
data collected. The main focus here Is to determine whether the data 
obtained correspond to a healthy system or a system with some disorder. 
If It can be established that the system has a certain abnormality, then 
pinpointing the location and detecting the severity of the disease play 
very Important roles In implementing an effective treatment scheme. One 
possible approach that could be taken in detecting such abnormalities is 
to use the fact that the arterial flow and pressure waveforms change in 
the presence of diseases. However, to Interpret these changes in the 
pressure and flow caused by a disorder, one should have knowledge of the 
waveforms before and after the Inception of the disease. Invariably, 
there are great difficulties accompanying collection of such data. 
Although one could obtain this type of information by utilizing animals 
as experimental subjects, planning and Implementing such experiments will 
be expensive and difficult. Therefore, alternate methods to simulate 
arterial flow are of interest. One such method is mathematical modeling. 
Through mathematical modeling, changes in the flow and pressure 
waveforms caused by various types of diseases can be simulated and 
studied, thereby avoiding costly and lengthy experiments using live 
subjects. Also, with the utilization of state of the art computers, 
mathematical modeling can yield a fast, inexpensive, and a very useful 
method to detect abnormalities in the cardiovascular system. An obvious 
requirement here is that the model be a satisfactory representation of 
the actual system. It should yield reliable predictions of the 
parameters of interest that are compatible with observations. The 
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present study represents an attempt to mathematically model the propaga­
tion of flow and pressure waveforms In a segment of the arterial tree. 
Arteries are flexible tubes carrying pulsatile flow, and continuity and 
momentum principles can be applied to yield pressure flow relationships. 
The compliant nature of the arterial wall complicates the analysis since 
an additional relationship describing the area variation of the tube with 
the pressure Is required. The general complexity of the real system 
makes this type of analysis a difficult task, and numerous assumptions 
are Invariably required. 
The continuity and momentum principles applied to flow In an artery, 
along with the equation of state linking the area variation with pres­
sure, form a mathematical model which can be solved to yield flow and 
pressure variations along the artery. A major obstacle Is the represen­
tation of the large variations In characteristics exhibited by the 
arteries as they progress dis tally from the heart. Some of these changes 
are gradual while some are abrupt. For example, the arteries exhibit 
gradual taper which decreases the cross-sectional area in the direction 
of flow, as well as abrupt changes in cross section at branch points. 
The gradual decrease In arterial wall compliance along large and medium 
sized arteries changes quite dramatically as the arteries merge into 
arterioles and capillaries. The latter is due to large variations in the 
stucture of the walls. This problem is handled in this study by focus­
sing on an arterial segment where these changes are gradual enough to be 
modelled as continuous functions. This approach leaves one with the new 
problem of matching the segment under Investigation with its distal and 
proximal counterparts. In this study a segment is taken as the artery 
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between two branch points, or a branch and a peripheral bed. A segment 
ending at a branch point is linked to the segments after the branch point 
by the continuity of flow and the assumption that the pressure immediate­
ly before the branch is the same as the inlet pressures of the segments 
immediately after the branch. Distal peripheral beds are represented by 
lumped Impedances. Although this general approach has been used by pre­
vious investigators, the current study takes an in-depth look at the 
different forms of lumped impedances that have been used. 
The body of this dissertation starts with a literature review 
(Chapter 2). Beginning with an overview of the history of modeling of 
arterial flow, it expands on the different area-pressure relationships 
that have been used in the past; discusses how the effects of friction 
have been represented; and how modeling of the most common type of 
arterial disorder (arterial stenoses) has been done. A brief review of 
the different mathematical schemes used in solving the resulting set of 
nonlinear partial differential equations is presented, along with a dis­
cussion of available pressure and flow measurement techniques. 
The next chapter is concerned with the theoretical analysis, and 
presents in detail the derivations of the pertinent mathematical equa­
tions and the solution scheme used in this study, namely the finite ele­
ment method of analysis with semi-discrete shape functions expressing 
pressure and flow at each node. Although both finite-differences and the 
method of characteristics have been used in the past, the use of finite 
elements in the current study demonstrates that this is a convenient 
method, which allows for considerable flexibility in adapting the model 
to a variety of blood flow problems. Solution to the set of partial 
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differential equations are accomplished through the use of the subroutine 
LSODES In the library ODEPACK. The computer model thus developed can 
account for Important factors such as vessel taper, branching, nonlinear 
area-pressure relationships of the vessel, and single and multiple 
stenoses. 
Chapters 4, 5, and 6 Illustrate the use of the model to simulate 
flow In the canine hlndleg arteries, the human leg and arm arteries, and 
the bovine uterine arteries, respectively. These are selected as they 
have very different geometries and different arterial characteristics, 
and represent the variety of problems that can be investigated with the 
computer model. The chapters are designed to be Independent of each 
other so that a reader can proceed from Chapter 3 directly to Chapters 4 
or 5 without having to refer to the others for information. As a conse­
quence there is some degree of repetition in these chapters. 
In the canine leg and the human leg models, branches are represented 
by a very short element and a lumped Impedance, whereas in the case of 
the uterine arterial model, the branches are represented by a segment of 
artery having more than one element of size comparable with elements in 
the parent vessel, before terminating at a lumped Impedance. The human 
arm arteries are modeled using both approaches and a comparison between 
the two types of models is made. 
The study of arterial flow in the hind leg of the dog was designed 
to assess with the aid of experimental data the validity, or reasonable­
ness, of this type of computer simulation for arterial flow. The 
specific geometry was found by using plastic casts made of the actual 
system of arteries, and lumped impedance parameters along with the 
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arterial compliance were estimated using experimentally obtained pressure 
and flow waveforms. Subsequently, the finite element program (PEP) 
developed In Chapter 3 Is used with the estimated values, and predicted 
and measured flow and pressure waveforms compared. 
The chapter on flow simulation In the human leg Is aimed at compar­
ing the results obtained from the method developed In the current study 
with those obtained by previous researchers. The human leg model Is then 
used to study effects of arterial constrictions (stenoses) on arterial 
flow. This part of the overall study Is designed to Illustrate the appli­
cability of the model to the study of arterial diseases. The effects of 
multiple stenoses of different severities placed In the same and differ­
ent arterial segments are explored. Also, the effects of the order of 
occurrence of stenoses (a more severe stenosis located proximal to a less 
severe one and vice versa), and the ability of the body to compensate for 
the pressure loss associated with the presence of a stenosis (by reducing 
the peripheral resistances) are Investigated. In addition, the human leg 
model Is used to study the effects of the frlctlonal term which appears 
In the momentum equation. A frequent criticism about mathematical models 
such as the one used In the present study Is that they have to approxi­
mate the friction term. The current study Includes a consideration of 
how friction can be Incorporated into the model, and its effects on the 
overall solution. 
The chapter on simulation of flow In the uterine artery of the cow 
is unique since the artery has very interesting characteristics. The 
flow and the properties of the artery changes markedly during the es trous 
cycle. The model is used, with approximate values for the parameters to 
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match observed and predicted waveforms. Both high and low flow phases 
observed during the period of the estrous cycle are analyzed. 
Both the human leg model and the uterine arterial model are employed 
to study the effects of using different types of terminal lumped Imped­
ances. These range from a pure resistive lumped Impedance to a modified 
"Wlndkessel" lumped impedance. One of the main objectives of this study 
was to Investigate the applicability of the modified Wlndkessel Imped­
ance, and the assignment of values to the parameters which appear In 
this Impedance. 
The last chapter provides conclusions and discussions. It summa­
rizes all the results and presents a discussion of the overall applica­
bility of the finite element model developed, the difficulties encoun­
tered In using the model, and Improvements that could be made to expand 
the applicability of the model. 
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CHAPTER II. LITERATURE REVIEW 
Brief History of Cardiovascular Fluid Dynamics 
So much work has been done in the field of cardiovascular fluid 
dynamics, it would be Impossible to present a complete review in one 
short chapter such as this. Therefore, an effort will be made to struc­
ture this chapter so as to include a brief history, highlighting the key 
contributors and their contributions, with reviews of some of the work 
published which are directly relevant to the present study. Hopefully, 
this will help define the problem at hand clearly, and create a basis for 
the theoretical analysis presented in the next chapter. 
The eastern indigenous physicians, following their age old tradi­
tional diagnostic methods, still depend on the palpations made on the ra­
dial artery In diagnosing cardiovascular diseases. Whether their predic­
tions are true is subject to argument. But this clearly indicates that 
it had long been realised that the state of the cardiovascular system, 
whether normal or diseased, is reflected by its pulse. For many years, 
lack of reliable instruments, and incorrect or incomplete interpretations 
of observations, prevented any real advance in understanding the flow of 
blood In arteries. With the dawn of modern science in the 16th century, 
William Harvey made a major contribution to the scientific world by 
establishing the concept of circulation of the blood. He went against 
the then accepted Galenical teachings of blood being constantly created 
in the liver and absorbed by the tissues to which it is conveyed. Also, 
he demonstrated the role of the valves in the veins preventing reversal 
of flow. Thus, he earned a place in history as "the father of 
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cardiovascular physiology" (McDonald 1974). The years to follow saw many 
attempts to gain Insight into the forces causing and controlling blood 
flow. The next most significant contribution came from Hales (in 1733), 
who recognised that the arterial tree caused the pulsatile flow leaving 
the heart to become an essentially steady outflow when reaching the veins 
on its way back to the heart. He was the first to show that the arterial 
tree acts as a large elastic reservoir which was later termed a Windkes-
sel (Frank 1899). Hales conducted a number of convincing experiments, 
and demonstrated variations In pressure and cardiac output, and he also 
showed that the main resistance to flow lies in the multitude of small 
vessels bridging the larger arteries and the veins. Thus, he won the 
deserving title of "the father of haemodynamlcs" (McDonald 1974). 
The eighteenth century saw a vast development in the field of 
theoretical fluid dynamics which was later applied to the study of 
arterial flow. Newton presented his laws of motion introducing the con­
cept of momentum, and he also made another invaluable contribution by in­
troducing the concept of viscosity. Euler and Bernoulli derived the 
equations of motion for an inviscid fluid. Navier's analysis of the mo­
tion of a viscous fluid (done in 1822), was extended and corrected by 
Stokes in 1845 (Lamb 1932) to determine a set of equations now called the 
Navler-Stokes equations which could be expressed as 
'gY+'^-B-^y^q = 0 (2.1) 
where q is the flow vector, P the pressure and B a body force vector with 
H and p the viscosity and the density of the fluid respectively. 
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Another landmark in the development of haemodynamies is the work 
done by Poiseuille (1799-1869) who established the relationship between 
the flow in a tube of a viscous liquid, and the pressure gradient. 
Poiseuille's law expressed as 
4P/L = {8PQ/R*} (2.2) 
where P/L is the pressure gradient over a length L, Q the mean flow rate 
and R the radius of the tube, is still used to obtain mean arterial pres­
sure variations due to viscous resistance. As discussed later, this is 
also used by some to approximate viscous effects in pulsatile flow. 
Arterial walls are not stiff, they are compliant, therefore arterial 
flow cannot be completely analyzed without understanding the behavior of 
the arterial wall itself. In this regard, no one could ever overlook the 
contributions made by Thomas Young, who analysed the elastic properties 
of arteries and the velocity of propagation of the arterial pulse. The 
formula (Eq. 2.3) derived by him for the (Croonian lecture 1809, cited in 
McDonald 1974) pulse-wave velocity is the same equation later derived by 
Hill (Bramwell and Hill 1922) 
Cg = (V6P/PdV)l/2 (2.3) 
where c^ is the wave-velocity, V the volume and dV the change in volume 
for a pressure differential of 6P. 
The experimental work done by Moens (1878), in his studies of the 
velocity of a pressure-wave in a rubber tube filled with water, and the 
mathematical work done by Korteweg and Resal based on his data gave rise 
to the Moens-Korteweg equation 
Cq = (Eh/2R)l/2 (2.4) 
where E is Young's modulus in the circumferential direction, and h the 
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wall thickness. This equation Is valid for a nonvlscous medium. Moens 
had to use a correction factor which reduced the velocity by ten percent 
to make his data, obtained by using water, fit the equation. Later It 
was shown by Womersley (1955a, 1957) that this correction factor was 
required to allow for viscous effects. 
The work of Otto Frank (1899, 1905, 1926, 1930) on the Wlndkessel 
gave a definite push In the right direction to efforts of mathematical 
modeling of arterial dynamics. The Wlndkessel models were based on time 
domain considerations. During the systolic phase the total arterial com­
pliance C got filled and during the diastolic phase, under a zero Inflow, 
this stored blood drained via a peripheral resistance R. The decay of 
the pressure during diastole was shown to be represented as 
P(t)=PQExp(-t/RC) with PQ the pressure at t=0. Although Frank did not 
satisfactorily explain how infinitely high wave velocities could be 
present in the arterial system as the model required, his work raised im­
portant discussions about the reflection of waves and the dicrotic notch. 
In spite of all the criticisms of the theory, the Wlndkessel could pre­
dict the stroke volume successfully (McDonald 1974). The Wlndkessel 
theory remained popular through the early part of the twentieth century 
and the conflicting assumptions were quite overlooked. Aperla (1940) 
tried to compromise between Wlndkessel formulation and the standard phy­
sical analysis of wave transmission. 
Adopting a different approach, Womersley (1957), treating the whole 
arterial tree as being in a steady-state oscillation, developed an equa­
tion describing arterial flow. He expressed the pressure as a collection 
of sinusoidal waves of frequencies which were multiples of the heart 
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rate, linking Fourier series analysis with haeraodynaraics. Womersley 
analyzed the laminar flow of a viscous, incompressible fluid in a long, 
rigid tube of uniform, circular cross-section. With a pressure gradient 
yip 
given by A Exp(lwt), he derived the following solution for the flow ve­
locity u at a radius r 
3/2 
where w is the angular frequency, the kinematic viscosity and x) 
is a Bessel function of the first kind of order zero with complex argu-
1 / 2  
meats. The ratio R(w/v) is dimensionless and is called the Womersley 
frequency parameter (Raines et al. 1974), the Stokes parameter (Gerrard 
1981), or simply the "alpha" parameter. When introduced, this solution 
was treated with some reservation as it required performing somewhat 
tedious calculations to derive the Fourier harmonics of the pulsatile 
pressure. But in the early 1960s digital computers were becoming 
available which could handle complicated computations expeditiously and 
accurately. Unlike Frank, who was denied this opportunity, Womersley 
and McDonald utilized computers to compare theoretical prealctlons with 
experimental observations. Through an order of magnitude argument, 
Womersley (1957) showed that when the pressure wavelength is much great­
er than the tube radius, the radial accelerations and pressure gradients 
are negligible. This result is applicable to large arteries where this 
ratio is about 100. 
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Taylor (1957a,b) used the standard telegraph equations of electrical 
wave transmission to analyze arterial haemodynamlcs. He kept to simple 
analog models, and checked his results with experiments in hydraulic mod­
els and In animals. 
Early and mid 1960s saw several workers publishing results of 
electrical analog studies of the complete arterial tree (Noordergraaf 
et al. 1964; Jager et al. 1965; DePater 1966; Snyder et al. 1968; and 
Westerhof et al. 1969). Since these studies required numerous assump­
tions, the circuits did not represent accurately the actual system in 
its entirety, but these attempts to model the whole arterial tree did 
give rise to new information and challenges, specifically, the modeling 
of the smaller vessels, the properties of which are not fully understood 
even by the biologists. Collecting data regarding flow and internal 
properties in the smaller vessels remain a major technical problem even 
today. Therefore, scientists resorted to representing the effects of the 
micro vasculature by electrically analogous lumped impedances, while us­
ing momentum and continuity principles to derive governing equations for 
the main arterial flow. The continuity and momentum equations averaged 
over the cross-section can be expressed as 
P (2.7) 
( 2 . 6 )  
where ; 
Q(x,t)= flow at time t and averaged over axial location x 
P(x,t)=3 pressure at time t and axial location x 
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A = cross-sectional area 
B = one-dlmenslonal momentum transfer coefficient 
D = diameter 
TQ = wall shearing stress 
p = blood density 
Details of the assumptions made in deriving these equations are dis­
cussed in the next chapter. As there are three unknowns (P, Q, A), a 
third equation is required to obtain solutions for the pressure and the 
flow. This third equation expresses area variations as a function of 
pressure and is called a constitutive equation, or an equation of state. 
The ideal constitutive equation would express the exact area pressure 
variation of arteries under in-vlvo conditions. Due to the lack of 
proper and accurate instruments to obtain such data, resort is made to 
expressions based on In-vltro experiments and to simplified theoretical 
expressions. 
The next section presents some of the forms of equations of state 
that have been used. 
Area-Pressure Relations in Arterial Flow 
S tree ter et al. (1963), derived an equation of state for thin walled 
elastic vessels in the form 
[A/AQ] = 1 /[I - (PD/hE)] (2.8) 
where, A^ is the area of the vessel cross-section at zero pressure, D the 
diameter of the vessel, h the thickness and E the elastic modulus of the 
wall. They neglected the vlscoelastic properties of the wall quoting 
work done by Peterson et al. (1960), and assumed that the vessel is 
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tethered, thin walled, Incompressible (Polsson's ratio of 0.5), has a 
constant elastic modulus, and that the diameter change on a percentage 
basis is much less than the pressure change. The tethering of arteries 
was Investigated by Pa tel and Fry (1966) while the incompressibility of 
the wall was studied by Carew et al. (1968). The last three assumptions 
were questioned by Olsen and Shapiro (1967) who used the following 
expression derived from kinetic theory 
P =^[1 - (A^/A)^] (2.9) 
where the subscript n denotes conditions with no pressure difference 
across the tube wall. 
Wemple and Mockros (1972), and Jelinek et al. (1979) accounting for 
nonlinear elasticity as E/EQ = (R/RQ)'', in which EQ is the modulus of 
elasticity at some reference radius of and b is a constant exponent 
(Streeter and Wylie 1967), obtained an equation of state of the form 
p (R/RQ)^ - 1 Pn 
— = (R/RQ)^ [ +-^] (2.10) 
2c2 b 2c2 
They used a value of b=4.5 corresponding to the larger arteries of a 
young adult. 
Allowing for wall motion, Gerrard and Taylor (1977) used the follow­
ing equation of state 
Ehp, 
P =3^[1 - (RQ/R) ] OQ (2.11) 
where: 
hg = wall thickness under zero transmural pressure, 
RQ = internal radius under zero transmural pressure, and 
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= (1 + hg/2RQ)/(l + = thickness factor 
There has been some expression of doubt about the use of wave-speed 
equations which Indicate a decrease In speed with Increasing pressure 
since, In arteries, the opposite Is found to be true. 
Rumberger and Nerem (1977), Anllker et al. (1978), Stettier et 
al. (1981), and Rooz et al. (1985) used an equation of state of the form 
A(P,x) = AQ(X) Exp {(P - PQ)/PC(P,X) C(PQ,X)} (2.12) 
where c Is the experimentally obtained pulse wave speed of small disten­
sions. 
Experimental measurements of area and pressure Indicates that the 
vessel compliance C=dA/dP Is Inversely proportional to the pressure. 
Using this relationship Raines et al. (1974) arrived at an equation of 
state of the form 
A(P,x) = A(PQ,x) + b ln(P/PQ) (2.13) 
They used experimental data of Boughner and Roach (1971), within a 
range of pressures corresponding to physiological values, to check the 
value of b used in their study. Clark et al. (1985) also used an equa­
tion of state of the form given by Eq. (2.13) to analyze blood flow in 
the brachial artery. 
The simplest form of area-pressure relationship is obtained by as­
suming that A is a linear function of pressure and that the change in 
area over a cardiac cycle is relatively small. This form of equation has 
been used by many (Noordergraaf et al. 1964; Taylor 1965; Snyder et al. 
1968; Westerhof et al. 1969; Murthy et al. 1971; Welkowltz 1977; Young 
et al. 1980; Gray 1981; Rangarajan 1983), and could be expressed as 
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4(P,x) = Aq(x) + C(x)(P - Pq) (2.14) 
|c(x) (P - Pq)| « Aq(x) (2.15) 
where C=dA/dP is the vessel compliance per unit length, and AQ(x) is the 
area at pressure P^. 
Conducting experiments on latex tubing, Rooz (1980) used a quadratic 
form of equation of state as 
A(P,x) = AQ(X) + CQ(X)(P - PQ) + C^(x)(P - PQ)^ (2.16) 
where CQ(x) and C^(x) are coefficients estimated by fitting experimental 
data of variation of local cross-sectional area with pressure. Porenta 
(1982) and Porenta et al. (1986) used the same form of equation of state 
in the analysis of arterial flow. 
Equations of state or constitutive equations, based on pulse wave 
velocities, e.g., Eqs. (2.9), (2.10) and (2.11), may be preferred over 
those based on the elastic modulus and the thickness of the arterial 
wall, e.g., Eq. (2.8). The main reason for this being that in vivo 
values of the elastic modulus and the thickness are extremely difficult 
to obtain, and are virtually nonexistent in literature. Also, experi­
ments performed on excised arteries show that the variations of these 
parameters with location, age (Avolio et al. 1983), and physical status 
of the artery (whether normal or diseased) are widespread. This makes 
specifying these parameters difficult. On the other hand, with the de­
velopment of more and more accurate and reliable instruments and tech­
nics, pulse wave velocities can be measured with relative ease (prefe­
rably noninvasively). 
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Equations (2.8) up to (2.13) can be subjected to Taylor series ex­
pansion. Of these expansions, if only the first three terms are re­
tained, all the equations mentioned could be expressed in the form given 
by Eq. (2.16). Also, this foirm is easy to use in a finite element 
analysis. Therefore, Eq. (2.16) was selected to be used as the equation 
of state in the current study. 
The foregoing investigations did not take into account the viscoe-
lastic properties of the arterial wall. Rockwell et al. (1974) used a 
modified form of Eq. (2.12) which took into account vlscoelastlclty, and 
also, Westerhof and Noordergraaf (1970); Noordergraaf (1978); Avollo 
(1980); Holenstein and Niederer (1980); and Niederer (1985) used expres­
sions involving vlscoelastlc behavior of the arterial wall. Even though 
some studies Indicate that the effect of vlscoelastlclty in the overall 
solution is not significant, this question is not a closed one. 
In passing, it seems fair to mention some theoretical work done in 
modeling arterial wall properties in rigorous mathematical terms. One 
shortcoming of these models is the difficulty in measuring or obtaining 
good estimates for the in vivo values of the parameters involved. 
Nevertheless, these studies are of Importance in gaining an insight into 
possible roles played by different components of the arterial wall, and 
in studies of material transport across the arterial walls. 
Chuong and Fung (1983) proposed a three-dimensional stress-strain 
relationship for the arterial wall derived from a strain energy function 
of the exponential form. Their results showed the presence of very large 
variations of stresses and strains across the vessel walls under the 
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assumptions of an Incompressible vessel wall becoming stress-free when 
external loads are removed. 
Conducting a parameter sensitivity analysis on his model of a two 
layer arterial wall, von Maltzahn (1983) found that the media (the first 
layer) Is Isotropic and the adventitia (the second layer) is anisotropic. 
Wall Shear Stress In Arteries 
When averaging the momentum equation over the cross section to ob­
tain Eq. (2.7), the velocity variations across the artery are integrated 
out leaving only the cross-sectional mean velocity. Thus, in the result­
ing one-dimensional equation, a need arises to model the wall shear term 
independently. The relative importance of this term in the overall solu­
tion determines the significance of this. Fortunately, as discussed 
below, studies have shown that the wall shear is not a major contributing 
factor in the larger systemic arteries. Nevertheless, it is also ac­
cepted that its presence should be included in a comprehensive study. 
Many different approximations to the wall shear have been suggested 
and used in the past. In this regard, justifying the functional form 
selected obviously becomes important. Blood has been shown to behave as 
a Newtonian fluid in the large systemic arteries of diameters more than 
1.0 mm (Bayliss 1952). In the absence of obstructions to flow, the flow 
is normally laminar. Although arterial flow is pulsatile, it has been 
shown that the Instantaneous velocity profile may be very close to that 
for Polseuille flow over a good portion of the cardiac cycle. Following 
these arguments, several authors have used Polseuille's law, based on the 
instantaneous flow, to describe skin friction effects (Snyder et al. 
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1968; Raines et al. 1974; Rockwell et al, 1974; Ruraberger and Nerem 1977; 
Avollo 1980; Popel 1980; Rooz et al. 1980, 1982, 1985; Young et al. 1980; 
Gray 1981; Stettler et al. 1981; Porenta 1982; Rangarajan 1983). 
This simplified form for the frlctlonal term has been justified by 
Vander Werff (1974) on the basis of his finding that the solution is in­
dependent of the magnitude of the wall shear. However, McDonald (1974) 
showed that the frlctlonal resistance in oscillating flow is about 50% 
higher than in steady flow for a frequency parameter of 3.5. Based on 
this Raines et al. (1974) used a coefficient of viscosity ten times 
greater than the average value for blood found in literature. While 
agreeing that the magnitude of the wall shear is flow dependent, Rum-
berger and Nerem (1977), and Rooz et al. (1985) argued that because it 
has not been adequately described under in vivo conditions for any major 
blood vessel, use of the simple Polseuille type of expression would be as 
good as any other approximation. 
From time to time use have been made of forms other than 
Polseuille's law to model wall shear stress in pulsatile flow. In his 
study of flow of a viscous liquid in a straight, rigid, circular tube of 
constant cross-section, Womersley (1955a) derived an expression for the 
wall shear in terms of Bessel functions with complex arguments. The wall 
shear expressed in this form is a function of the frequency. It in­
creases as the frequency of oscillating flow increases, and has a phase 
which leads the mean velocity by greater amounts as the frequency in­
creases. Olsen and Shapiro (1967) used Womersley*s solution for wall 
shear in their study. They pointed out that for high and very low values 
of the frequency parameter the assumption is accurate, while being not 
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poor at intermediate values. Also, they used flow of only a single 
frequency sinusoidal waveform superimposed on a mean component in comput­
ing the skin friction. 
King (1966) also used Wormersley's exact solution for shear stress 
at the wall, but he took the sum effect of all the harmonic components to 
derive an expression of the form 
m m dVn 
Tg = -(*/R) X Vn - (2.17) 
n=l n=l 
where are complex functions of the frequency parameter and the 
nth harmonic of the average velocity (Lambossy obtained the same result 
in his paper of 1952) King then used the approximation 
m mm 
r a b„ . (1/m) £ L  \  (2.18) 
n=l n=l n=l 
to simplify Eq. (2.19) as 
J ** ni 
Tq = -(WmR)[ V  L  \ ]  (2.19) 
n=l n=l 
In his discussion. King admitted that verification of this approx­
imation has been unsuccessful and that no definite conclusion could be 
reached regarding the use of this wall shear expression. 
Wemple and Mockros (1972) used a similar approach as Olsen and 
Shapiro (1967), expressing friction by a steady component of Poiseuille 
flow and an oscillatory component given by the exact solution as 
T = C^Q + CgfdQ/dt), they used a single frequency equal to twice the 
systolic duration, a requirement that had to be met with the method of 
characteristics they used. Therefore, this expression was in error in 
both magnitude and phase. Their results showed very little change both 
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with friction set equal to zero and with the full expression. 
Gerrard and Taylor (1977) determined the wall shear from a system of 
Its Fourier components. Their equation was similar to King's before sim­
plification (Eq. (2.19)) and the mathematics of the derivation given In 
detail by Uchida (1956), and by Gerrard (1981). In order to evaluate the 
wall shear using this equation, velocity had to be known. Therefore, 
they had to adopt an iterative scheme. Starting with a Poiseuille flow 
expression for friction, they could reach values of within 1% in two to 
three cycles. Their results show that the best fit with observed data 
was obtained with the full expression. But, they also acknowledged the 
fact that comparisons were made with just one set of velocity measure-
men ts. 
Schaaf and Abbrecht (1972) and Jelinek et al. (1979) used an expres­
sion for the wall shear derived from the steady-oscillatory flow solution 
for an infinite, rigid uniform tube of the form 
TQ =  [ 8 / J V / D ]  +  [ P D ( B-l) / 4 ]  {dV/dt} ( 2 . 2 0 )  
where B is the momentum flow coefficient. The first study used B=4/3 and 
B=1 whereas, the second study used several different values of B. Both 
studies showed that variation of B did not Influence the pressure or flow 
waveform predictions. They concluded that the unsteady friction term 
does not affect the overall behavior of their models. 
Young and Tsal (1973b) using a rearranged form of Eq. (2.20) as 
4 P  =  { 3 2 C ^ L / D }  { / I V / D }  +  C Y P L { D V / D T }  ( 2 . 2 1 )  
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expressed the pressure drop across a length L of a rigid circular tube 
carrying unsteady flow of a viscous fluid. They then compared variation 
of and with the frequency parameter by comparing Eq. (2.21) with 
the Womersley's exact solution. Results showed that C^1.0 and C%4/3 
for frequency parameter values less than 3.0. For frequency parameter 
values greater than 3.0, asymptotically approached 1.0 and In­
creased rapidly. 
The fact that the wall shear Is greater in oscillatory than In 
steady flow encouraged some researchers to use a turbulent flow expres­
sion for the wall shear (e.g., Streeter et al, 1963; and Wlggert and 
Keltzer 1964). Their expression for ^ was of the form 
TQ = fV°"^|v|/8 (2.22) 
where n was taken as 2.0. The value of f that best fitted Streeter's 
data was 0.4. Wlggert estimated two values for f In his study with latex 
tubing representing forward and reverse flow as 0.2 and 0.3 respectively. 
They showed that use of Polseullle type of expression gave much greater 
calculated flows than observed, whereas the turbulent expression tended 
to narrow the gap. They Interpreted their results as indicative of the 
presence of mechanisms other than pure viscous effects, causing addi­
tional energy dissipations. 
Using a different approach, Kimmel and Dlnnar (1983) used a fourth 
order polynomial to express the longitudinal flow velocity, thereby mak­
ing the wall shear a function of the polynomial coefficients. Also, 
Clark et al. (1985) based the frictlonal term on the slope at the wall of 
a velocity profile developed from a sixth degree, even-powered polynomial 
with four known cross-stream boundary conditions. 
24 
In the current study we have used Eq. (2.21) to compare effects of 
the unsteady friction terra on the overall solution for the arterial seg­
ments studied. 
Numerical Solution of Continuity and Momentum Equations 
Once an appropriate constitutive equation and an expression for the 
skin friction are decided upon, the next step would be to solve 
Eqs. (2.6) and (2.7). These equations do not have closed form solutions 
since they are nonlinear. The constitutive equation expressed in a form 
other than Eq. (2.14) Introduces nonllnearltles, and the convectlve 
acceleration term (second terra) In Eq. (2.7) is nonlinear. Past efforts 
to solve these two equations can be broadly classified as solving the 
linearized or the nonlinear forms of these equations. The linearized 
form uses Eq. (2.14) and disregards the convectlve acceleration terra. 
Solution schemes work much faster on these. Comparisons of these models 
with their nonlinear counterparts show that although the linear models 
could be used under resting conditions characterised by slow heart rates 
and low cardiac outputs, they tend to yield high pressures, steep flow 
pulses and undamped oscillations under conditions corresponding to in­
creased heart rates and high cardiac outputs (Raines et al. 1974; Schaaf 
and Abbrecht 1972). 
It is interesting to note here that the linearized equations are of 
the same form as those used in electrical engineering to analyze 
transmission lines (transmission line equations). As discussed later, 
the linearized form was used by Raines et al. (1974) to express the 
characteristic impedance (defined later) of arteries. 
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In the past, three methods have been used to solve Eqs. (2.6) and 
(2.7)—and an appropriate equation of state. They are (1) the method of 
characteristics (e.g., Streeter et al. 1963; Schaaf and Abbrecht 1972; 
Wemple and Mockros 1972; Rockwell et al. 1974; Rumberger and Nerera 1977; 
Jelinek et al. 1979), (2) the method of finite differences (e.g., Fox 
1960; Raines et al. 1974; Clark et al. 1985), and (3) the method of 
finite elements (e.g., Rooz 1980; Young et al. 1980; Gray 1981; Porenta 
1982; Rangarajan 1983; Rooz et al. 1985). 
It Is not Intended here to do a critical comparison of these dif­
ferent methods. Of all the studies noted above which used the finite 
element method, Gray and Young et al., used linear elements with shape 
functions dlscretlzed In space and continuous In time to express pressure 
and flow at each node, whereas the rest used rectangular elements with 
shape functions dlscretlzed In both space and time. The first form leads 
to a set of ordinary nonlinear differential equations and the second to 
a set of nonlinear algebraic equations. The flexibility of the method 
in either form, In the analysis of both linear and nonlinear equations 
with different boundary conditions, as illustrated by these studies made 
this the method of choice for the current study. Details of the finite 
element analysis are presented In the next chapter. 
In addition to pressure and flow, Rooz et al. (1985) also expressed 
the cross-sectional area as a variable at each node using dlscretlzed 
shape functions. Porenta (1982) using pressure data in Raines et al. 
(1974) as the proximal boundary condition, analyzed flow in the human 
femoral artery. His predicted pressure waveform showed more marked 
peaking compared with the results of Raines. Although he speculated that 
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this might have been due to the type of equation of state (Eq. (2.14)) he 
used, it could have also been a result of the numerical procedure. 
Modeling of Branch Flow 
Having decided on the method of solution, one has to turn to defin­
ing the boundary conditions. A realistic representation of an arterial 
segment should have branches and should be able to accomodate the pres­
ence of single or multiple stenoses in the model if it is to be used to 
study arterial disease. Branches are obviously not all of the same size. 
There are major branches carrying substantial amounts of blood, the 
sizes of which are comparable with the parent artery itself. At the same 
time, there are numerous tiny vessels carrying small amounts of blood to 
localized vascular beds near the parent artery, including some supplying 
blood to the wall of the parent artery itself. It would be virtually im­
possible to model all these different branches with equal emphasis. In 
the past, some authors have modeled the small branches as a steady out­
flow, or a seepage across the wall, carrying very little momentum (which 
enabled them not to modify the momentum equation) with them (Streeter et 
al. 1963; Schaaf and Abbrecht 1972). Jelinek et al. (1979) used a seep­
age function in their analysis, and Rumberger and Nerem (1977) used a 
combination of a periodic and an exponential form of seepage expression 
to model the flow in the coronary arteries. The common practice has 
been to assume that the instantaneous seepage flow is proportional to 
the local pressure. 
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Raines et al. (1974) modeled only the major branches. Hence, they 
modeled them as discrete outflows at specific locations. Porenta (1982) 
used the same approach in his study. 
In addition to side branches, it is necessary to simulate the 
smaller vessels at the end of a large artery. These vessels change their 
size and vessel wall characteristics abruptly with distance, changing 
from small arteries to arterioles and into capillaries and venules before 
draining into the veins. A detailed analysis of flow in each type of 
vessel would be Impractical. Even if one Is determined to embark on such 
a complete analysis, current knowledge of properties and characteristics 
of these small vessels is so limited, recourse to alternative approaches 
would be required. As noted earlier, one way to circumvent this problem 
of modeling the microvasculature is to represent it by soma sort of a 
lumped impedance. This impedance, placed at the end of an arterial seg­
ment, should impart the same feedbacks as do the actual terminal beds 
they represent. Therefore, designing these lumped Impedances require a 
knowledge of vascular impedance patterns which represent the relationship 
between pulsatile pressure and flow for the terminal peripheral beds. 
McDonald and Taylor (1959) were among the first to show that im­
pedance patterns could be used to characterize vascular bed properties, 
especially with regard to pulse wave reflections distal to a point on an 
artery. A detailed review of this subject is given by O'Rourke (1982). 
In major systemic arteries the basic impedance patterns are similar. The 
zero frequency resistive component corresponding to the ratio of the mean 
pressure to the mean flow is the largest. The subsequent components are 
much smaller than the first and they keep decreasing with increasing 
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frequency reaching some minimal value, after which they usually rise to a 
second (but lower) maximal value before falling again. The Impedance 
phase usually starts out negative and crosses over to positive values 
near the frequency corresponding to that for the minimal component. Then 
It falls back crossing again to negative values around the frequency cor­
responding to the low maximal magnitude. However, these general charac­
teristics do not apply to the ascending aorta (O'Rourke and Taylor 1967). 
The rise In Impedance after the minimum was Investigated by Taylor 
(1959, 1965, 1966). He studied the effects of arterial wall and blood 
viscosity, non uniform elastic properties between central and peripheral 
arteries, and dispersion of peripheral reflection sites. The studies 
revealed that the major contributor was the last. Pursuing this, Taylor 
later showed that at low frequencies the vascular beds behave as simple 
tubes with single closed ends on them and at high frequencies they act as 
open ended tubes. Therefore, the reflection coefficient (defined below) 
which is a measure of the amount of distal reflections present in 
arterial waveforms is frequency dependent. 
Wave reflections are caused by all forms of discontinuities in the 
arterial tree, e.g., branches, elastic and geometric taper of vessels, 
and the junctions of small arteries with high resistance arterioles 
(McDonald 1974). However, the arterioles appear to be the major sites of 
reflections in the systemic circulation. Therefore, the design of a 
lumped impedance should take into account the effects of peripheral re­
flections. As mentioned earlier, a measure of reflections present is 
given by the reflection coefficient K expressed as 
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(Z? " ZQ) 
= <"3) 
where is the Input impedance and ZQ is the characteristic impedance 
(which is the input impedance In the absence of any reflections). The 
form of Z^ is dependent on the lumped impedance. The simplest form of 
lumped impedance to be used is a pure resistance (Taylor 1959; Mur thy et 
al. 1971; Rooz 1980; Rangarajan 1983). Taylor (1959) showed that for the 
femoral bed the value of K was approximately 0.8. In addition he found 
that vasodilation decreased K (from 0.8 to 0) and vasoconstriction In­
creased K (from 0.8 to 0.95). Also in his theoretical studies, Taylor 
(1966) showed that interaction of wave reflection from two different net­
works could lead to absence of maximal and minimal points in the im­
pedance modulus and cause fluctuations of the phase at multiples of the 
same frequency. 
The characteristic Impedance Z^ mentioned before can only be 
estimated, not directly measured, since under normal circumstances, there 
are always some reflections. Therefore, it should be made clear how Z^ 
is selected. Taylor (1966) used the average input Impedance between 15 
and 25Hz to represent Z^. Bergel and Milnor (1965) used the average input 
modulus between 2 and 12 Hz; Murgo et al. (1980) and Nichols et 
al. (1977) used the modulus of Z^ above 2 Hz; and, McDonald (1974) used 
averaged above the first minimum value. Judging by these, It is clear 
that the choice of Z^ is quite arbitrary and values used are estimates 
only. 
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As mentioned earlier, Raines et al. (1974) used the solution of the 
transmission line equations to arrive at an analogous characteristic Im­
pedance as 
:o(*) ° 'A^ (,)c(x) - J 
where AQ(x) and C(x) are given by Eq. (2.14). 
With regard to the units used to express vascular Impedance, 
O'Rourke (1982) favoured using, flow velocity u as opposed to the volume 
flow rate Q. His argument being that Z based on Q, as opposed to Z based 
on u, varies by several orders of magnitude In different arteries of the 
same animal and In the same artery of different animals. Also, he points 
out that the Impedance based on Q did not Increase when the mean arterial 
pressure was Increased by the Infusion of drugs, since this approach 
falls to take Into account the change In arterial caliber accompanying a 
change In mean pressure. The use of u In Z Is also favoured by McDonald 
(1974). 
Modeling of Arterial Stenoses 
The localized narrowing of an artery Is referred to as an arterial 
stenosis. Consequences of this occlusive disease depends mainly on the 
location and the severity of the stenosis. Coronary stenoses produce an­
gina pectoris and myocardial infarctions; stenoses in the carotid 
arteries supplying blood to the brain can produce transient neurologic 
disorders and stroke; and mesenteric artery stenoses can produce intesti­
nal malfunctions and Infarction or death of the Intestines. Renal artery 
stenoses will lead to hypertension, and stenoses in the abdominal aorta, 
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lilac, femoral or distal arteries in the extremities can lead to 
difficulty with walking, severe pain or gangrene of the extremities. 
Arterial stenoses may be congenital (coarctation) or acquired (due 
to atherosclerosis or extravascular compression). Atherosclerosis or 
hardening of the arteries is caused by the deposition of fatty substances 
(atheroma)—In the form of plaques—on the inside of the lumen of 
arteries, thus narrowing the passage and decreasing the distensibility of 
the artery, retarding its ability to transport blood. The major cause of 
incipient atheroma is thought to be the wall shear stress (Fry 1968, 
1969, 1973; Caro et al. 1969, 1971; Gessner 1973). Larger arteries with 
high values of the frequency parameter have shown to be more prone to 
plaque formation (Caro et al. 1971; Young 1979), whereas stenoses are not 
normally found in the smaller arteries, arterioles and the capillaries 
(Gofman and Young 1963). 
Observations show that atherosclerosis develops at the lateral an­
gles of Y bifurcations and on the aortic wall distal to orifices of 
branches. Some have been located in the regions between branches in the 
common iliac and superficial femoral arteries. Until recently, factors 
such as age, sex, diet, lipid metabolism, hormones, hypertension and as­
sociated diseases were all thought to be responsible in the development 
of atherosclerosis. But Texon (1963) showed that these are only probable 
causes and not always the key factors. However, model studies and animal 
studies suggest that haemodynamic factors are significant in the patho­
genesis of atherosclerosis (O'Brien et al. 1970; Patel et al. 1974; 
Lighthill 1975). 
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Stenoses of different geometries have been found In arteries. Some 
spread for longer distances than others; some are symmetric and others 
are not. The longer ones cause more resistance to flow than the shorter 
ones for the same area reduction. The symmetric stenoses are essentially 
rigid, whereas some of the nonsymmetrlc ones have portions of normal 
arterial segments present, making them compliant. The severity of a 
stenosis Is Its main characteristic geometric factor, and is usually ex­
pressed as the percent stenosis, defined as the ratio of the lumen area 
reduction in the obstructed artery to the lumen area of a corresponding 
normal artery (as a percentage). Due to the area reduction, a stenosis 
Imparts a higher resistance to flow causing Increased pressure drop 
across it. This in term lowers the distal perfusion pressure. The body 
reacts to this in two ways: (1) by decreasing the distal peripheral 
resistance, and (2) by opening up collateral channels to compensate for 
the decrease in the flow to the peripherals. But there is a limit to 
these compensatory changes and when the arterioles are fully dilated and 
the collaterals are all being utilized, the effect of the stenosis can be 
severe. In summary, the geometry of the stenosis, the peripheral resis­
tance, and the availability of collaterals determine the flow decrease 
and pressure drop produced by a stenosis. 
The geometry of a stenosis can also cause flow to become turbulent. 
Turbulence caused by stenoses have been the subject of several studies 
(Young et al. 1977; Klrkeelde and Young 1977; Yongchareon and Young 
1979). Various models have been proposed to define the geometry of 
stenoses: Man ton (1971) proposed a tapered tube model; Lee and Fung 
(1970) assumed the constriction to be described by a Gaussian curve; and 
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Schneck and Ostrach (1975) used a channel having a small exponential 
divergence. 
In a comprehensive investigation, Young and Tsai (1973a,b) studied 
the flow characteristics in models of arterial stenoses. They used both 
symmetric and nonsymmetric rigid plastic models having different area ra­
tios and lengths of constriction. Their study investigated the variation 
of pressure drop, separation, and turbulence. Based on the results of 
their experiments, they developed an expression for the pressure drop 
across a rigid stenosis as 
.  ^ 0  9  1 1  d l l  
4P = "d" u + — - 1] u|u|+ KyPLg (2.25) 
where : 
Ag= the unobstructed cross-sectional lumen area 
the obstructed cross-sectional lumen area 
D => the diameter of the unobstructed lumen 
Ky, Ky, Kj. are empirical constants 
U = the instantaneous average velocity in the unobstructed area 
P - the density of the blood, and 
Lg= the length of the stenosis 
The three terras on the right side of Eq. (2.25) represent different 
modes of pressure drop across a stenosis: (1) losses due to viscous 
frictional effects, (2) losses due to changes in geometry—the entrance 
and exit effects, and (3) pressure differential due to unsteadiness of 
the flow pulse, respectively. 
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Out of the three empirical constants in Eq. (2.25), and K^. are 
only slightly dependent on the stenosis geometry. Young et al. (1975) 
studied the pressure drop across artificially introduced rigid, hollow, 
cylindrical stenoses in the femoral arteries of the dogs. They found 
that Eq. (2.25) satisfactorily predicted the pressure drops observed in 
these experiments. This and a later study (Seeley and Young 1976) 
resulted in an empirical expression for which included a corrected 
length for a stenosis such that 
Ky = 32(Lg/D)(AQ/Ai)2 (2.26) 
Lg = 0.83Lg + 1.64Di 
where is the inner diameter of the stenosis. 
Another conclusion of these studies was that K^=1.52 and Ky=1.2 were 
appropriate values representing effects of blunt ended, axisymmetric, and 
rigid constrictions in arteries. A detailed review paper on the subject 
of fluid mechanics of arterial stenoses was published later by Young 
(1979). 
Even though some limited studies have been conducted to Investigate 
the behaviour of compliant stenoses, explicit equations of the type of 
Eq. (2.25) applicable to these are yet to be found. Recently, Dubill 
(1986) investigated experimentally the effects of steady flow through 
compliant stenoses. Extending studies such as this to cover pulsatile 
flow could result in such an equation. 
To gain some insight Into the validity of the model used in the 
present study some In vivo measurements of flow, pressure, and geometry 
were made, and a brief review of literature about the types of 
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Instruments used in arterial hemodynamic measurements Is Included In the 
following two sections. 
Arterial Pressure Measurement 
Stephen Hales (1733) was the first to successfully measure the blood 
pressure. Even though his Instruments were crude by present standards, 
they gave satisfactory results In the statistic measured. The mercury U 
tube manometer .as we know It today, was developed by Polseullle (1828). 
This was the first practical Instrument to measure pressure and hence 
gave rise to the rather awkward units of "millimeters of Hg" to express 
pressure. To acquire more and more accurate measurements, better instru­
ments had to be built. In the field of blood pressure instrumentation 
the mercury U tube of Polseullle was followed by a range of instruments 
(Carl Ludwlg 1847, Marey and Chaveau 1881, Otto Frank 1903, Wlggers and 
Baker 1928, Hamilton 1934, cited In McDonald 1974). A historical review 
of pressure measuring Instruments was given by Geddes (1970). 
Pressure can be measured directly or indirectly. The direct methods 
are usually used to obtain time varying values of the pressure pulse. 
They are twofold, invasive and noninvasive. Of the Invasive instru­
ments, the most commonly used is the strain-gauge transducer. There are 
two categories of these. First is the catheter transducer which has a 
liquid filled catheter coupling the vascular pressure to an external 
transducer element, e.g., Series P23 pressure transducer, Stathem Instru­
ments Inc. The second category eliminates the liquid coupling by incor­
porating the transducer into the tip of a catheter placed in the vascular 
system (intravascular transducers). Otto Frank (1903) was the first to 
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theoretically analyse manometer design. Following these theoretical 
treatments, it could be shown that catheter transducer response could be 
improved by using the shortest, stiffest and the largest diameter 
catheter physically possible under given circumstances. The catheter tip 
transducer, due to the absence of the hydraulic connection, yields better 
response characteristics over the first type. But they are fragile and 
expensive (Webster 1978). Cobbold (1974) compared significant electrical 
and mechanical properties of commercially available pressure transducers 
in his review paper. 
The strain gauge transducer is the most commonly used In practice. 
Other types of manometers that are less frequently used are the induc­
tance, capacitance, piezoelectric, and sensor manometers and those based 
on optical methods (Milnor 1982). The sensitivity of the strain gauge 
transducers have been greatly improved by the use of semiconductors In­
stead of metal wires (Angelakos 1964). These yield very low or no dis­
tortion of amplitude and phase. 
The indirect pressure measuring devices are noninvasive in nature. 
In this connection one of the oldest and most commonly used is the 
sphygmomanometer. Detecting the Korotkoff sounds, one can get estimates 
of the systolic and diastolic pressure values by the use of these instru­
ments. Tonometry is another way to measure blood pressure Indirectly. 
This is based on the assumption that if a pressurised vessel is partly 
collapsed by an external object, the circumferential stresses in the wall 
are removed and the internal and external pressures are equal (Webster 
1978). 
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Noninvasive continuous measurements of pressure has been limited to 
a few studies (Raines et al. 1973; Hokanson et al. 1972). The device 
used by Hokanson et al., nonlnvaslvely recorded the changes In arterial 
diameter of a vessel through a phase-locked echo tracking system (UET). 
This UET system Is capable of measuring diameter changes of the order of 
0.002 mm and mean diameter values to within 0.1 mm. Mozersky et al. 
(1972), and Rangarajan (1983) used the UET to measure arterial diameter 
variations In their studies. If vlscoelastic behaviour of the arterial 
wall is neglected, and the diameter (or area) change linked with the 
pressure change through a simple equation of state, e.g., Eq. (2.16), 
the UET could be used as an indirect pressure measuring device. Appli­
cations of the UET In this regard is discussed In subsequent chapters. 
Measurement of Arterial Flow 
The two main types of flowmeters used in practice today to measure 
the instantaneous pulsatile flow of blood In arteries are the electromag­
netic flow meter (EMF), and the ultrasonic flowmeter. 
The electromagnetic flowmeters are based on the principle that when 
blood (which is a conductor) moves past a magnetic field cutting the flux 
lines, it Induces an electromotive force (emf). This emf is proportional 
to the magnetic flux density, the length between the electrodes, and the 
Instantaneous velocity of blood. Therefore, if the first two are kept 
constant or their variations are known, the velocity of blood can be 
evaluated. It has been shown that the EMFs can be used only to gain mean 
velocity information in axlsymmetrlc flows. Therefore, use of 
electromagnetic flow meters near branches and around the aortic arch 
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could lead to errors. This obviously Is a limitation of this Instrument. 
Earlier types of EMFs were excited by a DC magnetic field. Problems en­
countered with this led to the use of an AC magnetic field (Webster 
1978). Usually the frequency of the AC magnetic flowmeter is around 400 
Hz. Lower frequencies required bulky transducers and higher frequencies 
lead to stray capacitances. The AC type of EMF Introduced a new problem 
of "transformer voltages" being formed when the flow meter is not exactly 
perpendicular to the flux. Also, these show base line drift (the output 
corresponding to zero flow keeps falling with time) when used over long 
periods of time. Therefore, periodic checks are required to correct for 
any shift. Caution should also be exercised when selecting a size for 
the EMF, losely fitting ones, due to improper contact, can yield errone­
ous outputs while tighter ones can constrict the artery and alter the 
flow. Spencer and Den1son (1956) showed that a good fit of the instru­
ment could be obtained by having it reduce the flow cross section by 
about 15%, i.e., the diameter of the probe should be a little more than 
90% of the external diameter of the artery (Mllnor 1982). A variation of 
the ordinary EMF probe is the catheter tip probe which has been used to 
obtain point flow measurements. A review of EMFs is found in Cobbold 
(1974). Inspite of these difficulties, EMFs are probably the most widely 
used flowmeter of today in measuring arterial blood flow. 
Most types of EMFs are used invasively. The cannula type has to be 
placed between the ends of a severed artery while the cuff type can be 
slipped around an artery. The biggest problem with EMFs is their cali­
bration. This will be discussed more in subsequent chapters. 
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The fact that ultrasonic flowmeters can measure flow nonlnvaslvely 
has been one of their biggest advantages. This fact alone has revived 
enthusiasm among many to embark on related research. These flowmeters 
use beams of ultrasonic waves in the range 1-8 MHz to obtain velocity in­
formation. Primarily they are based on two methods; (1) the transit 
time, and (2) the Doppler effect. The transit time method is based on 
the principle that the velocity of ultrasound in blood Is affected by the 
velocity of the blood itself. The Doppler ultrasound, as the name im­
plies, uses the Doppler effect to measure velocity. The frequency shift 
associated with a changing relative distance between the source and the 
receiver is the basis of the Doppler effect. One of the biggest 
technological difficulties to be overcome before making these instruments 
possible was the development of methods to precisely measure very small 
differences in frequency and time. 
There are two basic types of Doppler veloclmeters in use: (1) the 
continuous wave, and (2) the pulsed Doppler. The continuous wave Doppler 
velocimeter can be used to gain mean velocity information only, whereas 
the pulsed Doppler device can be used to obtain point velocity data. In 
the continuous wave type, a transmitter emits ultrasound and a receiver 
collects the reflected waves. In the pulsed Doppler type the transmitter 
sends a burst of signal and then changes its role to that of a receiver. 
The depth of field is changed by altering the delay time, and the meas­
ured Doppler frequency shift is used to evaluate the velocity. Once 
again the main problem with use of these devices is the calibration. For 
ultrasonic probes, the calibration constants depend heavily on the 
environment of application (types of surrounding tissue, blood, angle of 
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Inclination of the probe with the actual direction of flow, etc.). The 
American Institute of Ultrasound in Medicine has published several 
volumes of literature pertaining to development and application of ultra­
sound devices In the measurement of arterial flow. Several studies have 
used Doppler ultrasonography to detect or study effects of arterial 
stenoses (Bendlck and Glover 1982; Archie and Feldtman 1982). Cobbold 
(1974), McDonald (1974), Reneman (1974), and Webster (1978) give details 
of both electromagnetic flowmeters and ultrasonic flowmeters. 
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CHAPTER III. THEORETICAL ANALYSIS 
The theoretical analysis presented In this chapter consists of three 
parts: (1) formulation of the one-dlmenslonal unsteady-flow equations 
describing pulsatile flow in major arteries—the governing equations; (2) 
modeling of the effects of stenoses, and branches with peripheral beds 
(micro-vasculature)—the distal boundary conditions; and (3) formulation 
of the solution scheme using the finite element method of analysis with 
semi-discrete shape functions—the numerical solution. 
Governing Equations 
In order to formulate the governing equations, one has to make cer­
tain assumptions with regard to the system being analysed. Strictly 
speaking, the system is a branching network of compliant tubes—sometimes 
curved, anisotropic, possibly permeable, and subject to changes in com­
pliance from chemical and/or neurological stimuli—whose cross-sectional 
area decreases and the wall stiffness increases with distance from the 
source (the heart), and carry pulsatile flow of a suspensold (blood). At 
a glance, analysing this system seems to be a formidable task. However, 
as the aim of this study is to predict time variations in pressure and 
flow averaged over the cross-section at points along an artery, the fol­
lowing simplifying assumptions were made to obtain a tractable mathemati­
cal model: 
1. An artery can be described as a straight, slightly tapered tube 
with a circular cross-section. 
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2. Arterial walls are thin, Incompressible, elastic (distensible), 
and their material properties are approximately homogeneous and 
isotropic over a relatively short segment. 
3. The vessel is totally constrained in the longitudinal direction. 
4. Blood can be treated as incompressible, homogeneous, isotropic, 
and Newtonian. 
5. The flow is laminar—except possibly at localized 
constrictions—and axisymmetric, and there are no secondary 
flows. 
6. The radial variation of the longitudinal velocity u^ is much 
greater than its longitudinal variation. 
7. The pressure does not vary along the radius. 
The validity of these assumptions have been questioned from time to 
time. The first assumption (that of the arteries being straight) is not 
valid under "normal" conditions for two reasons. First, some arteries 
are naturally curved; e.g., the aortic arch, the coronary arteries, etc. 
Obviously these could not be considered straight. Second, parts of the 
rest of the arterial tree could be bent due to physical positioning of 
the body (sitting, running, bending etc.). However, this second viola­
tion can be relieved under clinical situations by placing the subject in 
a prone position, thus keeping the limbs straight. This position would 
also have the added advantage of minimizing gravitational effects. 
The taper of the arteries, and both assumptions 2 and 3 relate to 
the development of the constitutive equation, and the limitations of 
these assumptions and effects of stipulating and relaxing these were 
given in Chapter 2. 
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The fourth assumptloa Is valid for blood flow In the systemic 
arteries with diameters greater than approximately 1.0 mm. This has 
been justified by many studies (McDonald 1974). 
As stated, the laminar flow assumption Is violated by the presence 
of severe stenoses In arteries (Young et al. 1975). Also, the flow may 
become turbulent around the peak flow phase under highly pulsatile con­
ditions. Nerem et al. (1972) showed that there Is some evidence that 
the flow is distributed in the decelerating phase. However, it has been 
shown that In an overall sense the flow behaves as a laminar flow. The 
axlsymmetry of the flow was examined by Fox and Salbel who noted that 
motion pictures of Bloch (1962), and McDonald and Helps (1954) show a 
helical pattern of erythrocyte and dye marker flow. However, they 
acknowledged the fact that non-steady flow visualization can be extreme­
ly deceptive and this assumption is reasonable. Also, the effects of 
the inlet lengths (the distance taken by the flow to become fully devel­
oped) restricts the validity of assumption 5. This was analyzed by 
Kassianides and Gerrard (1975). Also, the flow through branches could 
have secondary flows. Again, the effects of these are thought to be 
insignificant in an overall solution. 
The validity of the sixth assumption depends on how the branch 
flows are modelled. If all the branches, irrespective of their sizes, 
are represented by a seepage function continuous along the artery, then 
the momentum transfer in the radial direction could not be neglected and 
the assumption would not be valid. In the current study, major branches 
are modelled as localized flow outlets and the small branches carrying 
very little momentum with them are modelled through a seepage function. 
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Hence, this assumption Is reasonable. The seepage per unit length across 
the arterial wall Is assumed to be proportional to the Instantaneous, 
mean cross-sectional pressure. 
The validity of the last assumption for pulsatile flow Is justified 
by Wormersley (1955a,b) and by the assumptions of small taper and 
straight vessel so that streamlines, are approximately parallel and 
straight. 
Consider an elemental length of the artery as shown in Fig. 3.1. 
Here, v^ is the instantaneous seepage velocity across the wall. Con­
tinuity of flow in the radial direction requires that the radial velocity 
u^ at the wall be equal to the sum of Vg and the rate of change of the 
radius. Along with the no slip condition at the wall, the continuity 
equation applied in the longitudinal direction and Integrated over the 
cross-section yield 
where Q is the instantaneous flow averaged over the area of cross-section 
A, and R the radius of the artery. 
The third term in Eq. (3.1) is the seepage per unit length across 
the wall, which is assumed to be proportional to the local pressure P. 
Introducing a proportionality constant S this equation becomes 
Next, consider the momentum equation in the x-direction. Applying 
the assumptions made and integrating over the cross section, this equa­
tion reduces to 
(3.1) 
+ SP = 0 (3.2) 
+ { i JT f tv lp  )  (3.3) 
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Figure 3.1. Flow through an elemental length L of a main artery 
Introducing the momentum flux coefficient B = ( l / . d A  (where 
U is the average velocity over the cross-section) and replacing ^9u^/jr 
at r=R by the wall shear stress jy, Eq. (3.3) becomes 
"gt + ^ (BQ^/A) = - (A/p) + D''^/p (3.4) 
For parabolic velocity profiles B=4/3 and for flat velocity profiles 
B=l. The available literature indicates that in general a flatter velo­
city profile is present through a greater interval of an arterial flow 
cycle, and therefore in subsequent analysis, B Is assumed to be 1.0 . 
The continuity and momentum equations presented above have three 
variables P, Q and A. Therefore, another equation is required in order 
to solve for flow and pressure. A constitutive equation expressing 
variation in area with pressure must be used. As discussed in the 
literature review, various forms of area pressure relationships have been 
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suggested and used. For this study the quadratic variation of area with 
pressure. 
A<x) - A Q ( X){l+ C 5(P-Pg) + C J(P-PQ ) ^ }  ( 3 . 5 )  
Is used, where Ag(x) is the area under a constant pressure of Pg, and CQ 
and C® are constants. The products of Cg and C® with AQ(X) give the 
linear and non-linear compliances of the artery. 
The assumed form of the constitutive equation allows for taper and 
distension due to small pressure changes about the reference value P^ but 
ignores the following: 1) neural control, 2) active contractions and re­
laxations, 3) wall inertia, and 4) wall vlscoelastlclty. 
As stated in Chapter 2, an expression for the wall friction is 
required. This is a direct consequence of the averaging of the momentum 
equation over the cross-section. The assumption made here is that can 
be approximated by the wall shear stress of a long, rigid, uniform tube 
carrying pulsatile flow. The momentum equation for this case is 
A  -  (A/p) I l  + (2»rR/p) TQ ( 3 . 6 )  
Using Uormersely's solution for flow as 
2f*  2Ji(aj3/2) 
where w is the frequency, 3P/3x = -A*exp(iwt), o« R(w/f)^^^=» frequency 
parameter, and JG and JJ are Bessel functions of the first kind of orders 
zero and one with complex arguments, respectively. Combining Eqs. ( 3 . 6 )  
and ( 3 . 7 ) ,  and solving for T G  
"^ G = ( P/2JTR) + jwQ ] ( 3 . 8 )  
where J ^ / J G  = (2/ ( J J / J G )  - 1. 
47 
Let Tj + j Tj a J Q / J-, with d Q / d t  = jwQ, and Eq. (3.8) reduces to 
Tq . ( P/2irR) [(1 + Tg)^ - WTjQ] (3.9) 
For steady flow 8Q/9t»0, and as w—0, 8 .  Therefore, TQ 
(steady flow) = which is the same as obtained using Poiseuille's 
law. 
As mentioned earlier, Young (1979) arrived at a similar equation as 
(3.9) by using the relationship 
~ ^  ^  ° (32CyP/D^) + (Cy p /A) (3.10) 
for pressure drop in the momentum equation, the resulting expression for 
shear stress is 
V - ( P/2nR) liSC^^M/PA) Q + (0^-1) ] (3.11) 
and therefore 
Tg = — ( P/2ffR) [BjQ + B2 •^1 (3.12) 
where and B2 are variables which are independent of x and t. 
Combining the continuity equation and the constitutive equation 
(Eqs. (3.3) and (3.5), respectively) it follows that 
fx + AQCQ II + AgCjP || + SP = 0 (3.13) 
where = eg - 2cJPQ, and Cj = 2cj. 
The combination of the shear stress expression (Eq. 3.12) with the 
momentum equation yields 
(A/p ) || + + (2Q/A) || - (Q/A)2 |A + BJQ + Bj = 0 (3.14) 
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Equations (3.13) and (3.14) represent the general form of the con­
tinuity and momentum equations used In the present study. The next step 
Is to explore how the distal boundary conditions, which must Include the 
effects of the small arteries and the mlcrovasculature (whose behaviors 
are markedly different from the main arteries), can be Included, along 
with the effects of branching and abnormalities such as stenosis. 
Modeling of Branches, Terminal Lumped Impedances, and Stenoses 
If the system is defined by Eqs. (3.13) and (3.14), then any devia­
tion from them should be treated separately in the solution scheme. 
Three such special conditions are considered in this study: 
(1) branches, (2) small arteries and the mlcrovasculature at the end of 
a parent artery—these effects are represented by lumped terminal imped­
ances, and (3) constrictions In the main artery—stenoses. Each of 
these are discussed in detail below. 
Branches 
The pressure drop across a branch Is very small and can be neglect­
ed. Hence, across a branch âP/dx = 0. This means that the pressures 
in the parent vessel just upstream to a branch and just downstream to a 
branch are equal and is the same as the inlet pressure of the branch 
Itself. Also, continuity of flow across a branch demands that the incom­
ing flow equals the sum of all the outflows. 
I 
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Terminal impedances 
The vessels in the microvasculature, namely the very small arteries, 
the arterioles, and the capillaries do not comply with most of the as­
sumptions made for the large arteries. The current knowledge with regard 
to the behavior of these minute vessels are limited so that a highly 
simplified representation of the small arteries and microvasculature is 
necessary to represent their effects in the mathematical model. Past 
studies have confronted this problem by truncating the arteries at some 
point and subsequently representing the effects of all the vessels distal 
to this by a lumped impedance. A representative lumped Impedance should 
Impart the same feedback effects on the main arterial flow and pressure 
as the actual terminal beds. One such form used by Raines et al. (1974), 
in their study of arterial dynamics in the human leg, accounts for both 
resistive and compliant effects of the small arteries and the microvascu­
lature. In this approach, an artery is terminated by a lumped impedance 
which can be interpreted as an electrical network having two resistors 
and Rg, with a capacitance Crp placed in parallel with Rg. The voltage 
and current into this network are analogous to the pressure and flow into 
the lumped peripheral bed. The venous pressure at the end of the micro­
vasculature is assumed to be negligibly small. 
The equation governing pressure and flow (Q^) into the lumped im­
pedance is thus given by the relationship 
CT 41 - RjCT ^  + (P/R2) - ('l+Ri/R2)Qb = 0 (3.15) 
The corresponding terminal Impedance (Z^) defined as the ratio of P/Q5 is 
given by 
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Rgfl - j nRgCpW} 
Z = R +.-± (3.16) 
{1 + (nRgC^w)^} 
where w Is the angular frequency corresponding to the heart rate and 
n=0,l,2 Is the number of the harmonic being considered. 
If this impedance matches the characteristic Impedance of the 
artery, then no reflections would occur. However, when these two imped­
ances do not match, reflections occur which affect the flow and pressure 
waveforms. The current study uses this form for the lumped Impedance, 
and thus It Is necessary to study the general characteristics of this 
type of lumped Impedance. 
The total resistance corresponding to should be such that it 
accommodates a mean flow of 7) under a mean pressure of P according to the 
equation 
Rt = Ri + R2 = P/Q^ (3.17) 
This indicates that the limiting combinations of R^ and Rg are (1) Rj=0, 
RgaR^; and (2) R2=0» R2=R.p. The first reduces to a simple Windkessel. 
The second leaves a series combination of a resistor and a capacitor 
which would block the mean flow. Therefore, for this to be realistic 
should also be equal to zero. This reduces to a pure resistance. 
The simple Windkessel has its Impedance modulus (for n=l) expressed 
by 
R? 
(Ro=Rj (3.18) 
T ^ + ,2,0.5 2 T 
where R^C^^w. For large values of R^, Mod(Z^) asymptotically 
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approaches the value 1/C^m. 
For the pure resistive case, the variation of Mod(Z^/R^) is equal to 
unity so that 
\ » Rj (Rj = R^) (3.19) 
Figure 3.2 shows the variation of the modulus of with Rj and Rg. 
In order to plot this surface, traces of Mod(Z^) vs. R^, and ModtZ^) 
vs. Rg were considered. When Rg is kept constant, ModfZ^) parabolically 
increases with increasing R^. The traces of Mod(Z^) vs. Rg (for a fixed 
R-j) has a maximum given by Mod(Z.p)=(R2/R.j.)^'^» when yf^=l and YaR^/R^. 
After this, the trace asymptotically approaches the value Mod(Z^) = [&% + 
(1/C^w)^]®'^« The rise in Mod(Z^) to the maximum value is very sharp 
indicating that It is very sensitive to the combination of R^ and R, when 
Rg is less than the value corresponding to the condition yfi =1. Away 
from this maximum, the magnitude of Z^ is not very sensitive to the value 
of Rg, and increases only with R^. Increasing C,j,w lowers the curve and 
vice versa. The value of could be changed by altering either C,j, or 
w. These two correspond to two different things. Increasing makes 
the peripherals softer while decreasing it makes them stlffer. There­
fore, stiff peripherals lead to higher values of Z^ and vice versa. 
Increasing w in multiples of the basic heart rate corresponds to finding 
values of Z^ for the higher harmonics. At the same time, increasing w 
arbitrarily corresponds to increased heart rates. Under both these cir­
cumstances decreases with Increasing w and vice versa. 
Using y and fi , Z^ could be expressed in a normalized, 
non-dimensional form as 
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C_w = constant 
surface 
& 
|:iI -
Figure 3.2 Variation of |z^| with and R^ for constant C^w 
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4 + 1 
V 1 + 4% 
( 0  < y <  I )  (3.20) 
fi' 
The surface defined by Eq. (3.20) Is shown in Fig. 3.3. For a given 
mean pressure and mean flow becomes fixed. The y=constant lines in 
Fig. 3.3 indicate three things: (1) they represent the impedance spec­
trum (harmonic variation) for a given heart rate and a lumped capacitance 
C^; (2) for a fixed heart rate, they show the variation of any particular 
harmonic component of Mod(Z^/R^) with C-j; and (3) they show the variation 
of Mod(Z,j,/Rj) with the heart rate w for a fixed C^. The variation of the 
surface shows clearly that for low values of y the impedance decays very 
rapidly with increasing w or C,p, whereas for values of y closer to 1.0 the 
impedance becomes increasingly Insensitive to This and the earlier 
statements made using Fig. 3.2 reveals that lower values of ydamp out the 
higher frequencies more effectively than higher values of y. Also, high 
values of damp out higher frequencies more readily than lower values. 
As the Impedance modulus is a steadily decreasing function of the 
harmonic number, the variation of the surface of Mod(Z^/R^) does not com­
ply fully with the observations documented by O'Rourke and cited in the 
literature review. 
The phase angle 0 of the impedance, which is defined as the angular 
difference between the pressure and the flow vectors, is given by 
tan ^  a ^(y - 1) (3.21) 
(1 + 7,2) ( 
A plot of tan^with yand^ is given in Fig. 3.4. The surface has an in­
teresting shape to it. It shows that for a given T the phase drops to 
a minimum and then asymptotically reaches back to zero. The points of 
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iv^i y -  1 . 0  I^T/^ïj 
1.0 
0 . 0  
|2j/R^ |= [i -1/2 
Figure 3.3. Variation of Z /R with,y and 0 
0 . 0  
tan 0 = 
tan </> = 
0(,y - 0 
~T7J  ^
Figure 3.4. Variation of tan 0 with y and ^  
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maximum absolute phase difference (between pressure and flow) lie on the 
surface defined by The highest phase difference with increasing 
harmonic number is when is a simple Windkessel. And in general terms, 
for small values of y, the phase difference increases with increasing 
harmonics. As expected, for rvalues approaching 1.0, the phase shift 
approaches zero. The figure shows clearly that the phase shift is very 
sensitive at low values of y. 
To specify the lumped impedance, values of R^, and for each 
peripheral bed has to be specified. The resistances and Rg are re­
lated through Eq. (3.17). Methods to obtain the remaining relationships 
are discussed below. 
One approach that can be taken to evaluate is through biological 
similarity considerations. The dimensions of the compliance can be 
expressed as 
= dV/dP = L^/F (3.22) 
If two systems are considered where the compliances are given by and 
Cm, then 
Ci/C„ 5 (3.23) 
For biological systems, the ratio of densities can be assumed to be 
unity, I.e., 
i [M/Mn,][L/Ln,]"^ = 1 (3.24) 
Therefore 
M/Mm a |L/Lm|3 (3-25) 
Since force (F) equals the mass (M) times the acceleration (LT~^) 
F/F^ = [M/Mm][L/Lm][T/Tm]-2 (3.26) 
Gunther (1975) assumed that for biological similarity 
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= L/I^ (3.27) 
Using Eq. (3.27) In Eq. (3.26) 
F/F„ . (3-28) 
and combining Eq. (3.28) with Eq. (3.23) it follows that 
° (3.29) 
or 
VCm = "/Mm <3.30) 
This suggests that in general the compliances of two biological systems 
will scale in accordance with the mass ratio. Equation (3.30) is con­
sistent with the results given by Gunther (Table 3, 1975). Also, the 
volume rates of flow Q and can be expressed dimensionally as 
Q/Qm [L/I^]^/[T/T^] a (3.31) 
Therefore, if the mass ratio, the total compliance, and the cardiac 
output of one system is known, Eqs. (3.30) and (3.31) can be used to ob­
tain an estimate of and the cardiac output for the other system. To 
obtain for a particular peripheral bed, a further assumption is 
requied—that within a given system compliance is proportional to flow. 
Details of the application of this approach are given in subsequent 
chapters. 
As cited in Chapter 2, Raines et al. (1974), used a reflection coef­
ficient K defined as 
(ZIJI - ZQ) 
in their study of flow in the human leg. The characteristic impedance 
Zg(x) used in this study was based on the linearized momentum and con­
tinuity equations (the transmission line equations) and is given by 
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Eq. (2.24) which Is reproduced below for easy reference 
Zo(x) = [(P/A^CJ) - j (4i%/QDC=w)]"/' (3.33) 
Let Z (x) = R. + j If,, and T-./Q = 8 P/AD (Polseuille's law). It 0 
follows that 
RQ = ^ I g g [{1 + (8/0^)2}1/2 + (3.34) 
and 
I /:^[,1,(S/.2,2,1/2.J,I/2 (3.35) 
Substituting values of and in Eq. (3.32) and simplifying yields 
( x { l  - ( j  }  ~ \ P ^  Q a l l  -  j q } ]  
K — (3.36) 
[X{1 -(j } + v2 - j%}] 
where 
^i/RT 
X =. (1 + {1 + (8/a2)2}l/2jl/2 
( = 8/(Xa)2 
<  =  1  +  y ( l  - y ) 2 a 2  
a = </{I + (l-y)2j2} 
= (l-y)2i/< and, 
^ = RTA(Co/p)l/2 
This result demonstrates that K can be expressed as a function of 
four independent dimenslonless parameters a, 0, à and X?. The geometry of 
the artery being analyzed is known through measurements. Also, the 
pressure waveform used as the proximal boundary condition determines the 
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frequency, fixing the value of a. Observations show that the body tends 
to damp out reflections and maintain them at a minimum. Therefore, one 
logical approach would be to attempt to minimize the modulus of K with 
respect to y, â andto find appropriate values of and R2 and also 
CQ. Alternatively, one can use known values of some parameters to obtain 
other parameters so that the modulus of K is minimized, e.g., Raines et 
al. (1974) used estimated physiological values for and CQ and these 
values determined ô and i?. He then minimized the modulus of K with 
respect to y for a constant frequency parameter; and used the value of y 
corresponding to the minimum value of the modulus of K in his mathemati­
cal model to predict flow in the human femoral artery. Further details 
of application of Eq. (3.36) are presented and discussed in subsequent 
chapters. 
When the characteristic Impedance matches the load impedance Zrj, , 
no reflections will occur. This condition is satisfied when 
A practical approach to find R^, Rg and Cg, is to actually measure 
pressure and flow waveforms at the entrances to branches and at the dis­
tal end of the main artery Itself and use these data in some type of an 
estimation scheme involving Eq. (3.15). The experimental phase of this 
study was devoted to this approach, with appropriate data obtained from 
the femoral artery of the dog. 
P ( RQ — RIP) /  IG (3.37) 
and 
^ ™ [(Rq/RX)(1 + ~ 1] (3.38) 
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Stenosis 
As discussed In the literature review, the wall and flow character­
istics of a stenosis are different from that of a normal healthy artery. 
For a rigid stenosis, the continuity equation reduces to dQ/dx = 0 along 
the arterial segment containing the stenosis. 
The pressure drop across a stenosis Is assumed to obey the relation­
ship developed by Young and Tsai (1973b) for rigid, hollow, axisymmetrlc 
plugs in compliant tubes as given by Eq. (2.25) 
Ky - . I JJJ 
4P = ^ U + ^  [(Aq/AI)-1]2u|u|+ % (3.39) 
which is reproduced for convenience, where 
Ky = 32[(0.83Lg+1.64Di)/D](Ao/Aj)^, K^. = 1.5 and, = 1.2. 
In addition to the distal boundary conditions the solution scheme 
needs a proximal boundary condition, and this is given as the time varia­
tion of pressure at the proximal end of the arterial segment of interest. 
The last step in the theoretical analysis presented in this chapter is 
the development of the numerical scheme to solve the governing equations 
with appropriate boundary conditions. 
Numerical Solution 
The numerical scheme used in this study is based on the finite ele­
ment method of analysis. In general, two approaches can be taken to 
solve this type of time and space dependent problems. The first approach 
is to regard the interpolation function as being dependent on time as 
well as the spatial domain (Rooz 1980; Porenta 1982; Rangarajan 1983). 
A disadvantage of this method is the Increase in computational space 
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requiring the finite element in time. The second approach, which is used 
In this study, Is the semldlscrete method. Here, the variables are dis-
cretlzed In one dimension and maintained continuous In the other. The 
current study uses pressure and flow as the nodal variables and dlscre-
tlzes them In space, retaining continuity in time. This method has 
been used previously by Young et al. (1980). 
Discretization allows the usage of one dimensional or line elements. 
Also, it is considered reasonable to choose the interpolation functions 
for flow and pressure as linear functions of spatial domain so that 
Q(x, t)=>[N(x) ] {Q( t)} (3.40) 
and 
P(x, t) = [N(x)]{P(t)} (3.41) 
where 
[N(x)]={ (Xj_x)/L (x-Xi)/L ] (3.42) 
{Q(t)}=»lQ^(t) ,QJ(t)]^ (3.43) 
and 
{P(t)}=[Pl(t),Pj(t)]^ (3.44) 
X^ and Xj are the global coordinates of the 1^^ and j nodes (j=i+l) of 
element 1, and L is the element length. 
To obtain the element equations the Galerkin method is used. First, 
consider flow In the main artery: The Galerkin method is applied to 
Eqs. (3.13) and (3.14). The continuity equation (3.13) yields 
X 
J 4. AQ(X)CQP + AQ(X)C^PP + SP} dx = 0 (3.45) 
where Q^= AQ/gx, P = AP/Jt etc. 
^1 
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As changes in A^fx) over the length of an element are small, this 
area is replaced by an average area A® for the element, which is con­
sidered a constant in the Integration process. 
Substituting Eqs. (3.40), (3.41) and (3.42) into Eq. (3.45), it fol­
lows that 
X • • 
/'^[N]^([N ]{Q} + A®C [N]{P} + A®C fP}^[N]^[N]{P} + S[N]{P}) dx = 0 
V J  X 0 1 
^ (3.46) 
Similarly, the momentum Eq. (3.14), with shear expression given by 
Eq. (3.11) substituted, yields 
r^J[N]T(:^[N ]{p}+c [N]{Q}+-^[N]^{Q}^[N ]{Q}+-^^^[N]{Q})dx = 0 
X J X u X PA® 
^ (3.47) 
The direct stiffness assemblage process is employed to obtain the 
global set of equations which can be written as 
{«} + [K]{«} = 0 (3.48) 
where {«} = {Pj^,P2,Q2,P3.Q3 '^n'^n^^ [K] is the coefficient 
matrix which includes the nonlinear terms in pressure and flow. 
We next consider applying boundary conditions to the global equa­
tions. The element representation of a branch is shown in Fig. 3.5. In 
the solution scheme the element equations are replaced by the following 
equations at a branch: 
^1+2 - Pj+2 = ?!+! (3-49) 
and 
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Figure 3.5 Element representation of a branch 
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^i+i" Q1+2+ Qj+2 (3.50) 
At the end of a branch, the flow and pressure has to satisfy Eq. (3.19). 
This Is accomplished by setting 
The program Is written to handle branches In two ways: (1) as a 
lumped Impedance placed directly at the branch location separated only by 
one element of very short length, and (2) as a long artery which feeds 
into a lumped Impedance, The programmer Is free to select the number of 
elements, their size and geometrical and physical characteristics of the 
artery. 
Across a stenosis, boundary conditions are satisfied by setting 
A known pressure waveform expressed as the sum of Fourier components 
Is used as the proximal boundary condition, and the time derivative of 
this expression replaces the first equation for in the system of glo­
bal equations given by Eq. (3.48). Furthermore, solution of Eq. (3.48) 
requires application of a finite difference scheme. Observations show 
that this is a stiff set of first order differential equations. There­
fore, the stiff Gear method was selected to solve this system. A com­
puter program was written in FORTRAN to form the global set of equations 
and to apply the boundary conditions. Solution of Eq. (3.39) was 
^j+1" - ^ Jr^ + fMRi/Rg)}^ + Qj+l (3.51) 
and 
^k+1 = Qk (3.53) 
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obtained by using the subroutine LSODES In the library package ODEPACK. 
The program was run on a NAS9 computer. 
The resulting program Is very flexible In many ways: 
1. It can accommodate any geometry—with or without taper and/or 
branches. 
2. Effects of nonlinear compliance and convectlve acceleration of 
flow are retained. 
3. It can accomodate unsteady frlctlonal terms if required. 
4. Small branches can be accounted for by a seepage function. 
5. Stenoses of different severities, lengths, and different charac­
teristics can be placed anywhere along the arterial system. 
6. Multiple stenoses can be accommodated. 
7. Peripheral beds are represented by a reasonably versatile modi­
fied Windkessel model. 
The finite element computer program developed was used to model flow 
in four different arterial segments: (1) the femoral artery of the dog; 
(2) the femoral artery of the human; (3) the human brachial artery with 
the radial and ulnar arteries; and (4) the uterine artery of the cow. 
The computer simulation of blood flow in these various arterial segments 
are discussed in detail in the following chapters. 
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CHAPTER IV. MODELING OF FLOW IN THE FEMORAL ARTERY OF THE DOG 
To test the validity of the finite element model, it was used to 
simulate blood flow in the femoral artery of the dog and the predicted 
results compared with actual measurements. Mongrel dogs weighing approx­
imately 40-50 lb were used under anaesthesia as the subjects in this 
phase of the study. Experiments were designed and carried out to obtain 
the following: (1) the geometry of the arterial segment under investiga­
tion; (2) the lumped impedance values for major branches and the terminal 
bed; (3) the compliance of the main artery; and (4) a seepage constant to 
represent flow carried by small branches. Details of these experiments 
and results are given below. 
Geometry of the Arterial Segment 
The arterial segment from the iliac bifurcation to the popliteal 
artery was selected to be modelled. To obtain the cross-sectional area 
variation along the artery, Batson's //17 anatomical corrosion compound 
(a liquid plastic) was introduced from the iliac bifurcation to one leg. 
The compound subsequently solidified under a pressure of 100 mmHg. 
After this procedure, the surrounding tissues were dissolved by submerg­
ing the leg in concentrated KOH for 2-3 days. Seven such casts were made 
and diameters were measured along the artery using a vernier micrometer. 
Since the casts were hot perfectly circular in cross section, two meas­
urements were made at each site giving the maximum and minimum local 
diameters; and the geometric mean given by the square root of the product 
of these two measurements was used as the local value of the internal 
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diameter of the artery under a pressure of 100 mm Hg. Figure 4.1 shows a 
photograph of one of the casts made. 
The measured area variations were fitted with three forms of 
equations: (1) a linear form, A«AQ(i + ax/L); (2) an exponential form, 
A=AgExp(-bx/L); and (3) a power law type of equation, A=Ag(l+bx/L)". It 
was decided to treat the exterior iliac as a segment having a constant 
cross-section equal to 1.3 times the area immediately following the deep 
femoral. Based on the best correlation coefficient and the smallest 
standard deviation of error, the remainder of the artery was represented 
by an exponential form, A=AQEXP(-0.872 X/L) where, AQ is the area immedi­
ately following the deep femoral and L is the length of the femoral artery 
from the deep femoral to the popliteal. The experimental values are plot­
ted in Fig. 4.2 with the average geometric representation of the artery 
shown by the solid line. 
Between the iliac bifurcation and the popliteal there are six prima­
ry branches; (1) the deep femoral, (2) the cranial femoral, (3) two mus­
cular branches, (4) the saphenous, and (5) the caudal femoral. Consider-
rlng the relative sizes of these branches, it was decided to Incorporate 
them into the model as follows: (1) represent combined effects of the 
popliteal and the caudal femoral by one lumped impedance; (2) represent 
flow carried by the two muscular branches, the saphenous and all other 
very small arteries in between the cranial femoral and the popliteal by 
a seepage function as discussed earlier in Chapter 3, and (3) represent 
combined effects of the deep femoral and the cranial femoral by one 
lumped impedance. Thus, the geometric representation of the physiologi­
cal model Is as shown In Fig. 4.3. 
Figure 4.1 Photograph of a cast of the canine hindleg arteries 
(A) Right exterior iliac 
(B) Deep femoral 
(C) Cranial femoral 
(D) Muscular branch 
(E) Muscular branch 
(F) Femoral 
(G) Saphenous 
(H) Caudal femoral 
(I) Popliteal 
68 
0—o % o CO 
s 
-0.4 -0.2 0.0 
Figure 4.2. Geometric representation of the canine hind leg arteries 
with data obtained from seven dogs 
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A • AQ exp(-0.827 x/L) 
A-1.288 Aq 
0.383 L L 
Figure 4.3. Geometric représentation of the physiological model 
The two lumped impedances in the model have six unknowns—R^g, 
Cg for the branch and R^^ and for the terminal bed, and the main 
artery has three unknovms—representing the compliance effects and 
S representing seepage effects. Four experiments were designed and car­
ried out to determine these nine variables. 
The experiments discussed below utilized a common data acquisition 
system to collect, amplify, digitize, and store data. The data collec­
tion Instruments used were: (1) Statham strain gauge transducers (P23b) 
to measure pressure; (2) cuff type electromagnetic flowmeters (Biotronix 
BL-610) to measure pulsatile flow; and (3) a phase-locked ultrasonic echo 
track (UET) device (0. E. Hokanson, Inc.) to measure changes in arterial 
diameter. Amplification of signals was done by a Grass model 7 polygraph 
which also gave an output of the signals on paper. Output of this poly­
graph was fed to an eight channel A/D converter. The digitized data were 
then collected and stored on floppy diskettes by a C5M model 2001 PET 
microcomputer. The pulsatile flow and pressure data were sampled at 10 
msec Intervals. 
Estimation of System Parameters 
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The aim of collecting flow, pressure and echo track data was to ob­
tain representative Fourier components of corresponding waveforms. Each 
data set collected spanned at least three cycles. In order to obtain the 
Fourier representation of one cycle, two possible approaches were consid­
ered. The first was to select one representative cycle by examining the 
complete data record. The other was to use m number of complete cycles 
(ra>l) and find the corresponding Fourier components; and establish the 
Fourier representation of one cycle by compiling the mean and each mth 
subsequent harmonic. The second approach is favored over the first as it 
is representative of m cycles rather than one isolated cycle. The average 
value of each data set U was subtracted from each reading u^ before 
processing through a discrete Fourier transformation. This gave better 
estimates of the Fourier components of higher harmonics. The mean value 
was subsequently added to obtain the Fourier representation of the data 
set as 
r 
(4.1) 
where; 
r 
U = (1/n) Z u. 
k=l ^ 
f = heart rate in cycles per second 
n = number of data points over m cycles 
r = total number of harmonics evaluated 
t time 
= 1*-^ data point 
U = average of n values of 
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"sk " Fourier aine coefficient of the k^^ harmonic 
"ck " Fourier cosine coefficient of the k*"^ harmonic 
u(t) = value of the variable u at time t and, 
a Ztrm/f = angular frequency of the m^^ harmonic 
Unless otherwise stated, all Fourier representations mentioned in 
this chapter contain nine harmonics plus the mean component. 
Calibration of instruments 
To connect the Fourier representation of the digitized values into 
physical units, calibration curves were used. The pressure transducers 
were calibrated using a water manometer. Eight to ten data points were 
taken during each calibration. As these were static measurements, the 
digitized signal was sampled at a lower rate (50 msec intervals) for 
about 2.5 sees. Linear regression was used to express calibration curves 
in the form 
pressure(N/ra^) = a(dlgitized value) + b (4.2) 
where a and b are constants. 
The flowmeters were calibrated in vivo. The artery was severed dis­
tal to the flowmeter and the flow was directed to a measuring cylinder. 
An adjustable clamp was used to regulate the flow. The average value of 
the flow through the flowmeter was found by dividing the volume collected 
in the measuring cylinder by the correspondng time. There was room for a 
number of errors to enter into the flow calibrations: using a stop 
watch, reading the graduated scale of the measuring cylinder, maintaining 
the clamp at the same position while taking a reading, not disturbing the 
flowmeter while collecting blood, etc. Also, the flowmeter electrical 
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baseline, corresponding Co zero flow, can drift and require frequent 
checking. Care was taken to measure the baseline before and after each 
data set was recorded. To allow for possible shifts between the baseline 
corresponding to a particular data set and the calibration base line, 
flow calibration curves were expressed in the form 
flow(m3/sec) = a {digitized value - b} (4.3) 
where, a is a constant and b is the digitized value of the base line for 
the particular record. 
The ultrasonic echo track system (UET) was used to observe diameter 
changes of the exposed femoral artery. Collecting data using this in­
strument was difficult since respiration and other slight movements of 
the leg muscles of the anaesthetized dog caused changes in the instrument 
settings. Even though this has proven to be a reasonable choice to be 
used under laboratory conditions (Rangarajan, 1983), the practical diffi­
culties encountered made this method of obtaining arterial diameters a 
laborious task. Also, repeatability of results was difficult with this 
instrument. 
Estimation of parameters of the terminal lumped impedance 
To estimate and Cj of the terminal lumped impedance, flow 
and pressure measurements were taken just proximal to the popliteal, 
caudal femoral branch point. A muscular branch was used to Insert the 
pressure catheter, and a cuff-type electromagnetic flowmeter was used to 
measure the flow into the lumped impedance. 
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It Is known that acetylcholine causes vasodilatation. Fully dilated 
peripherals will exhibit characteristics corresponding to minimum compli­
ance. As the compliance is reduced, the peripherals will act more and 
more as if they were purely resistive in nature. Therefore, apart from 
the (control) data obtained when the dog was under general anaesthesia, 
it was also decided to inject acetylcholine locally at the iliac bifurca­
tion and study the effects of vasodilatation on the flow and pressure 
waveforms, and how well the FEP will predict variations in flow and pres­
sure under these circumstances. While performing this experiment it was 
noted that Injection of acetylcholine increases the heart rate and 
decreases the mean pressure. Also, the flow and pressure waveform recod-
Ings obtained on paper using the Grass model 7 polygraph were similar in 
shape Indicating that the system had become stiffer (less compliant). 
The digitized pressure and flow data were processed as explained 
earlier and Fourier transformations of waveforms were obtained. Values 
of Rj^^, and were estimated using two approaches; (1) using 
Marquardt's method, which is an extension of the Gauss Newton method to 
allow for convergence with relatively poor starting guesses for the 
unknown coefficients; and (2) using peak pressure and flow conditions. 
In the first approach, a function F was defined as 
where R^ = y = R^^/R^, /J= Rg-^C-jW, and w is the angular fre­
quency corresponding to the heart rate. When F=0 this reduces to the 
relationship between pressure and flow into a modified Wlndkessel type of 
lumped impedance. Using Fourier coefficients of experimentally obtained 
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pressure and flow waveforms, F was evaluated at 100 points over a cycle. 
The points were selected at equal time Intervals. Taking the actual 
value of F as zero at all times, the Marquardt's method was used to esti­
mate y and p so as to minimize the error in F. 
The second approach used the values of peak pressure and flow to 
estimate y and 0, When the flow Is maximum or minimum dQ/dt = 0 and 
Eq. (3.15) which is the same as Eq. (4.4) with F = 0 reduces to 
P = w(P-RjQ)/P (Q=0) (4.5) 
Similarly, when dP/dt=0 in Eq. (3.15) 
Y = W(P-R^q)/R^^ Q (P=0) (4.6) 
Typical pressure and flow waveforms in the femoral artery have two 
peaks. One occurs at the end of systole and the other (the smaller of 
the two) during diastole. Correspondingly, there are two minimum points. 
The global minimum of pressure occurs immediately before the systolic 
phase and the global minimum of flow occurs just before the hump caused 
by reflections. To evaluate y and fi using Eqs. (4.5) and (4.6) these 
four sets of points on the waveforms can be used. Ideally, values of y 
and p obtained by using any one set of maximum or minimum points on the 
flow and pressure waveforms should be the same as those obtained by 
another set of (maximum or minimum) points. But results show otherwise. 
There was a significant variation in the values of y and p obtained using 
the (maximum or minimum) points other than the peak flow and pressure 
even when different data sets of the same dog were used. Also, the 
values of the parameters y and p obtained did not vary significantly when 
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different numbers of harmonics (5,7 and 9) were used to reconstruct the 
pressure and flow waveforms when these parameters were estimated using 
peak flow and pressure conditions. This was not so with the y and fi 
values obtained from maximum and minimum points other than those corre­
sponding to peak conditions. Therefore in this study, only the y and p 
values evaluated using the peak pressure and flow conditions in Eqs. (4.5) 
and (4.6) are used. Table 4.1 shows estimated values of R22" and 
using the two approaches. In this table resistances are given in 
Ns/mS, and the lumped compliance is given In m^/N. 
Table 4.1. Estimated values of R^^, R^?, and Cj using two approaches 
DOG/ MARQUARDT'S METHOD PEAK FLOW AND PRESSURE METHOD 
DATA SET 
2^T Oip I^T 2^T T^ 
1/1 0 .467E09 0.148E11 0.4150E-10 0 .146E10 0 .138E11 0 .2939E-10 
1/2 0 .447E09 0.168E11 0.4140E-10 0 .622E09 0 .166E11 0 .3847E-10 
2/4 0, .697E09 0.627E10 0.1390E-10 0 .892E09 0 .607E10 0 .9444E-10 
2/6 0, .106E10 0.118E11 0.1440E-10 0, .IIIEIO 0. 948E11 0. 9657E-10 
2/7 0, .882E09 0.793E10 0.1880E-10 0, .138E10 0. 744E10 0. -7450E-10 
3/5 0. ,444E09 0.340E10 0.0636E-10 0, .IIOEIO 0. 334E10 0, ,9650E-10 
3/14 0. 542E09 0.436E11 0.0340E-10 0. ,542E09 0. 436E10 0. 8331E-10 
5/3 0. 756E09 0.680E10 0.5926E-10 
5/5 0. 802E09 0.721E1Û 0.8258E-10 0. 103E10 0. 698E10 0. 1370E-09 
6/1 0. 703E09 0.398E10 0.7076E-10 0. 244E09 0. 444E10 0. 1390E-09 
6/2 0. 694E09 0.393E10 0.6847E-10 0. 616E09 0. 401E10 0. 7340E-10 
6/3 0. 708E09 0.401E10 0.7120E-10 0. 518E09 0. 420E10 0. 6530E-10 
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Considering values of y and p obtained through the second approach 
corresponding to all the maximum and minimum points in the pressure and 
flow waveform pairs, it was noted that at least one set of points on each 
pair yielded minimum values of Y and in the neighborhoods of 0.05 and 
0.4xl0"10 m^/N respectively. Also, the average value of Y and 
obtained through the Marquardt's method and the peak flow and pressure 
method was approximately 0.1 and 1.0x10"^® m^/N, respectively. After 
comparing plots of the measured flow waveform with the ones predicted 
using Y and values corresponding to Marquardt's method, the peak flow 
and pressure method, the case where y=0.05 and 0^=0.4x10"^^ m^/N, and 
the case where y =0.1 and C^=l.0xl0~^^ m^/N, respectively, the following 
observations were made: 
1. The predicted flows lead the observed flows in all four cases. 
2. The minimum predicted flows occurred just prior to the systolic 
phase as opposed to the observed minimum values of flow that 
occurred after systole before the hump caused by reflections. 
3. The peak flow values were in the neighborhood of observed peaks 
in most of the cases studied, but the minimum flow values pre­
dicted were significantly less than observed minimum values. 
4. Many observed flow waveforms did not show a flow reversal phase; 
but all the predicted flows did. (The base line shift and human 
errors in calibration could have affected the observed flows as 
discussed earlier.) 
5. Most of the time, except for Marquardt's method (basically a 
least squares method), the other three approaches, namely, the 
peak flow and pressure method, case where 7=0.05 and 
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X^=0.4xl0"^ '' m^ /N, and the case where 7=0.1 and C^ =i.OxlO~^ ® 
mS/N, produced waveforms with approximately the same character­
istics as the observed waveforms. 
Results of four data sets obtained from four different dogs under 
general anaesthesia are given in Fig. 4.4 to Illustrate the preceding 
observations. The measured flow and pressure waveforms show that the 
flow going into the peripheral bed leads the pressure which Is consistent 
with the capacitive lumped impedance representation selected. However, 
when acetylcholine was administered to cause local vasodilatation the 
pressure started leading the flow and the estimation processes gave 
results which were difficult to Interpret. Marquardt's method did not 
meet the convergence criteria and the peak flow and pressure method gave 
negative values for y. The leading of pressure under these high heart 
rates suggests that when the peripheral beds are dilated and under 
increased heart rates, inertial effects may be important. These effects 
are not represented by the modified Wlndkessel used for the lumped imped­
ances. Therefore, when analysing such conditions (e.g., exercise) the 
Inclusion of an inductance in the lumped Impedance should be examined. 
In the present study we did not consider Inertial effects in the lumped 
impedances. However, inertial effects are Included in the modeling of 
the arterial segments. 
Estimation of parameters of the branch lumped Impedance 
In order to estimate Rjg, R2B and Cg measurements of branch flow and 
pressure at the inlet to the branch are required. The flow was obtained 
by placing a flowmeter just proximal to the deep femoral and one just 
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Figure 4.4. Comparison of observed flow with the predicted flow 
waveforms using four different sets of values of Y 
and C^ corresponding to: P = peak pressure and flow, 
M = Marquardt's scheme, C. = calculations based on % 
and C^ values of 0.05 and 0.4x10""^^ m^/N, respective­
ly, and Cg = calculations based on 3 and C_ values of 
0.1 and 1.0xl0"10 lar/U respectively. 
(a) Dog 1 data set 2 
(b) Dog 3 data set 14 
(c) Dog 2 data set 4 
(d) Dog 6 data set 3 
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distal to the cranial femoral. The difference In flow indicated by these 
two flowmeters was taken as the Instantaneous flow in the branch. The 
pressure catheter was introduced through a small branch near the cranial 
femoral. The branch flow obtained showed clearly the presence of high 
frequency components not observed in either of the flow waveforms before 
or after the branch in the main artery. The exact origin of these high 
frequency components are not clear. Some of these might have been caused 
by noise components in the two waveforms used. Also, it should be borne 
in mind that the branch in the model is the sum of two branches in the 
actual physical system. Hence, the combined flow in the two branches may 
have given rise to the nonconformities observed. 
The observed flow and pressure waveforms were treated the same as in 
the previous section and y and P values estimated. These estimated 
values covered a wide range making it rather difficult to arrive at any 
solid conclusions regarding them. Therefore this exercise was limited to 
obtaining an approximate value for the branch flow to main arterial flow 
ratio which was determined as 1:3. It was further assumed that values 
for both the branch and the terminal bed are the same; and the value of 
the lumped compliance Cg for the branch is half the value of the compli­
ance of the terminal bed under the assumption that lumped compliances 
are proportional to the local flows. 
Estimation of S the seepage relationship 
The next step was to model flow carried by the smaller branches 
between the cranial femoral and the caudal femoral. In this case, it was 
necessary to obtain estimates of the constant S in the seepage 
81 
relationship, Eq. (3.2). If the mean pressure P, the mean seepage flow 
Qg, and the length L of the segment are known S can be found by 
LP 
In order to measure two flowmeters were placed at the proximal 
and distal ends of the segment. The difference in the mean flows as 
indicated by these two flowmeters gave Q^. Pressure was measured by 
inserting a catheter through the cranial femoral. Values of S estimated 
for three dogs are given in Table 4.2. Taking the average of these 
values it was decided to use S = 0.6x10"^^ m^/Ns. 
Table 4.2. Estimated values of S in the seepage relationship 
DOG / DATA SET S m^/Ns 
18/1 0.63 E-11 
18/2 0.60 E-11 
19/1 0.60 E-11 
19/2 0.52 E-11 
20/1 0.59 E-11 
20/2 0.58 E-11 
Estimation of the compliance of the main artery 
The constitutive equation has three unknowns AQ(X), CQ and . The 
first, AQ(X), is the variation of area with distance under a constant 
pressure Pg. in this study, the UET was used to measure variation of 
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vessel diameter d with time in the femoral artery. The UET also gave a 
mean diameter D of the vessel. The discrepancy here is that D does not 
correspond to the reference pressure of 100 mraHg used in obtaining the 
casts. If the mean pressure corresponding to D is it can be shown 
using the constitutive equation (3.5), that 
[A(P,x)-A(P x)] _ 
leg + 20j(Pj - P(,))(P - pp + c»(P - P;): (4.8) 
Under the assumption that the area does not change much during one 
cycle and that P^ is not very different from Pg, then A(Pj^,x) and A(Pg,x) 
can be treated as the same. Also, is very much smaller than 
hence, to a good approximation C® + PQ) CQ. Therefore, the echo 
track data can be used in conjunction with pressure data to estimate 
and in the constitutive equation. A least squares regression was per­
formed on three sets of data collected on two dogs and the average esti­
mates of CQ=o.978x10~^ m^/N and 0^=0.1331x10"^^ m^/N^ were taken as 
values to be used in this study. Available literature shows that the 
wave speed (a^) ranges from 800 cm/sec to 1300 cm/sec in the canine 
femoral. Using the relationship = l/pa^t the corresponding range for 
CQ is obtained as 0.6xl0"^ m^/N to 1.6x10"^ m^/N. The value of 
obtained experimentally lies well within this range. 
Simulation of Flow Using the Finite Element Program 
The experimentally determined values for the system parameters were 
used in the finite element program (FEP) to simulate the blood flow and 
pressure waveforms in the canine femoral artery. The flow and pressure 
data sets used to estimate values of the terminal impedance parameters 
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were also used for this analysis. The presure waveforms, measured at the 
lilac bifurcation provided the proximal boundary conditions. Values of 
^2T* ^T corresponding to the three approaches (1) Marquardt's, 
(2) peak flow and pressure method, and (3) y and values of 0.05 and 
0.4xl0"10 idVn, respectively, were used to predict distal pressure and 
flow. The fourth condition of 7=0.1 and C^ai.0xl0~^^ ra^/N was not used 
here as most of the parameter values (of y and C^) corresponding to the 
peak flow and pressure method were approximately same as these. 
In the finite element formulation, 3 and 8 elements of length 2.0 cm 
each were placed in the two main arterial segments. The branch element 
was selected to be of length 0.05 cm. Figure 4.5 shows the nodal repre­
sentation of the model. 
The program yields pressure and flow variations at each node. 
Resulting flow and pressure waveforms at the distal end for the same four 
data sets presented in Fig. 4.4 are given In Figs. 4.6 and 4.7. They 
show a marked improvement as far as agreement with observed waveforms are 
concerned. The flow waveforms predicted by the FEP matches closely with 
those observed. The leading nature of predicted waveforms in Fig. 4.4 
are absent in the FEP predictions. This indicates clearly the involve­
ment of the main artery in shaping the flow and pressure waveforms. 
The phase difference In the observed and predicted pressures using the 
FEP is more than the corresponding phase difference in flows. The 
Marquardt's method produced the highest discrepancies. The reason for 
this may be that this method takes into account the whole cycle in 
minimizing the error function as opposed to the peak flow and pressure 
method which considers only one event in the cycle. 
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Figure 4.5. A schematic of the model used In the finite element program 
Table 4.3 presents a qualitative comparison of results obtained 
using the FEP with the values of y and obtained from the three 
approaches employed. 
It is interesting to note that y=0.05 and C^=o.4xlO~^^ m^/N gave 
reasonable agreement between observed and predicted (using the FEP) flow 
and pressure values Irrespective of the llliac pressure used. As men­
tioned before, the peak flow and pressure method yield y and values in 
the neighbourhood of y=0.1 and C^ai.OxlO"^^ m^/N. Thus, judging by the 
results one could conclude that for the hind limb of the dog 0.05.< y.^0.1, 
and 0.4x10"^® m^/N < < l.oxio"^® m^/N give good estimates of the 
ranges of values of y and C^. 
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Figure 4 . 6 .  Comparison of measured and predicted distal flow using the 
finite element program for different values of Y and 
corresponding to: P = peak pressure and flow conditions; 
M • results of Marquardt's scheme; and, = calculations 
based on values of y and C^ of 0.05 and 0.4x10-10 m^/N, 
respectively. 
(a) Dog 1 data set 2 
(b) Dog 3 data set 14 
(c) Dog 2 data set 4 
(d) Dog 6 data set 2 
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Figure 4.7. Comparison of measured and predicted distal pressure 
using the finite element program for different values 
of if and corresponding to: P = peak flow and 
pressure conditions; M = Marquardt's scheme; and C. 
calculations based on Y and C_ values of 0.05 and 
0.4xl0"10 mr/N, respectively. 
(a) Dog 1 data set 2 
(b) Dog 3 data set 14 
(c) Dog 2 data set 4 
(d) Dog 6 data set 3 
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Table 4.3. General Observations of distal end flow and pressure 
waveforms predicted by the FEB using values of v and 
estimate through different approaches 
PI 
"^low Qmean Qmax ^min P ^mean ^raax 
Marquardt's method L® AC L A A A 
peak flow and 
pressure method 
A L A L A A 
y  =0.05, 
= 0.4E-10 mVN 
H L L H L L A 
= predicted values are lower than observed 
= predicted values are higher than observed 
A = predicted values are both higher and lower than observed with 
small scatter 
= predicted values are both higher and lower than observed with 
large scatter 
Inclusion of the seepage term did not affect the results. This may 
be because the seepage flbw estimated is insignificant when compared with 
the main arterial flow. To investigate how large values of S would 
affect the flow and pressure waveforms, S was arbitrarily Increased by a 
factor of 100. Figure 4.8 shows the resulting changes in the predicted 
pulsatility index, defined as the peak to peak flow excursion divided by 
the mean flow, and Fig. 4.9 shows changes In the flow waveforms produced 
by this higher value of S. Increasing seepage brings down the overall 
pulsatility index for the whole artery. There's no change in the trans­
mission of the pressure pulse. 
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NODE NUMBER 
l-'igurc 4.8. Variation of the pulsatility index with nodal 
position for seepage corresponding to the 
experimentally estimated value of S and when 
S is increased by a factor of 100 
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Figure 4.9. Comparison of flow waveforms for high and low seepage values 
(a) S "'-0.6E-09 m,/Ns 
(b) S » 0.6E-11 m /Ns 
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The key results obtained by the foregoing study can be summarized 
follows: 
1. The geometry of the canine hind leg arteries could be satisfac­
torily expressed as given in Fig. 4.3. 
2. Approximate values for the parameters and Cj representing the 
main arterial compliance are 0.978x10"^ m^/M and 0.133x10"^® 
m^/N^, respectively. 
3. The ratio y =  R^/R^ estimated for the lumped impedances has a 
range of values given by 0.05^ y ^ 0.1. 
4. The compliance of the terminal bed (C^) representing the caudal 
femoral and popliteal arteries with their associated mlcrovascu-
lature has an estimated range of values given by 
0.4xl0"10< C,j, <1.0xl0"^® mS/N. 
5. Under the influence of the vasodilator drug acetylcholine, the 
heart rate Increases, the mean pressure drops, and the flow and 
pressure waveforms observed show that the pressure leads the 
flow. These observations Indicate an Inertial system rather 
than a compliant system as assumed by the modified Wlndkessel 
type of lumped impedance. As a result, reasonable estimates for 
the parameters y and cannot be obtained with the approach 
used in this study for fully dilated peripherals. 
6. The predicted flow and pressure waveforms using the FEP compare 
reasonably well with the observed waveforms when the dogs were 
under general anaesthesia, corresponding to resting states. 
Comparing the observed and predicted flow and pressure 
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waveforms, it seems that y= 0.05 and C^=0.4xl0"^® m^/N are good 
average estimates. 
7. The flow carried out by the small arteries In between the 
cranial femoral and the caudal femoral represented by a simple 
seepage function (as given In Chapter 3) does not affect the 
final outcome of the results yielded by the FEP. 
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CHAPTER V. APPLICATION OF THE FEP TO SIMULATE BLOOD FLOW IN THE HUMAN 
LEG AND ARM ARTERIES 
Simulation of Blood Flow In Che Human Leg 
In this chapter the FEP Is used to simulate flow In the human leg 
and arm arteries. Simulation of flow In the human leg has already been 
done by Raines et. al (1974) and Porenta (1982). The aim of this phase 
of the project Is to compare the results produced by the current method 
with those past studies, and, In addition, to explore the capabilities of 
the FEP to simulate the effects of arterial stenoses, both single and 
multiple, on pressure and flow waveforms. 
In the two studies mentioned above, Raines used the method of finite 
differences, whereas Porenta used the finite element method with shape 
functions discretlsed In both space and time. Porenta used the same 
geometry, lumped impedance values, and the proximal pressure waveform 
(used as the proximal boundary condition) as Raines did. Apart from the 
differences in the mathematical methods of solution, the two studies had 
different equations of state and arterlo-venous pressure drops. Raines 
used a logarithmic equation of state as given by Eq. (2.13) whereas 
Porenta used the same equation as being used In the current study. 
Raines assumed an arterlo-venous pressure drop of 60 mmHg whereas Porenta 
assumed a zero venous pressure as in the current study. 
The arterial segment under investigation is from the iliac bifurca­
tion to the distal end of the popliteal artery. The effects of the 
branches are represented by two lumped impedances. These are placed at 
the locations of hypogastric and profunda branches. It is assumed that 
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the effects of the smaller branches are also lumped with the two major 
branches. Figure 5.1 shows a schematic of the model. 
Using aaglograhplc data, Raines determined the area variation 
AQ(PQ,x) (in square meters) distal to the iliac bifurcation (x=0) under a 
reference pressure of 100 mmHg as 
AQCPQ.X) = 5.05 10"^ exp("°'0192* ^ 0 < x < 0.14 m (5.1) 
and 
Ao(Po,x) = 3.20 10"^ exp("0'00206x) o.l4 ra < x < 0.60 ra (5.2) 
where x is the distance in meters from the iliac bifurcation. Usually 
there is an abrupt decrease in area, of the parent artery, after a 
branch. These sudden changes in the cross-sectional area give rise to 
reflections in the incident waveforms. It should be noted here that the 
above expressions do not account for these local variations of 
cross-sectional area at major branch points. Therefore, they will not 
cause reflections that would be associated with the actual physical sys­
tem. 
The discrepancies in the two forms of equations of state are dis­
cussed in detail by Porenta et al. (1986). The current study uses the 
same input parameter values as Porenta did, and these are given in 
Table 5.1. The Fourier coefficients of the input pressure waveform are 
given in Table 5.2. 
It should be noted that the value of n used is about 10% higher than 
the average blood viscosity. Raines used this higher value to account 
for the increased resistance to pulsatile flow. 
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C 
Hypogastric 
External Iliac and 
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0 .20  
Profunda 
Superficial Femoral 
and Popliteal 
Tibial Vessels 
Figure 5.1. Schematic of the arteries in the human leg 
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5.1. Model parameters for the control case® 
Parameter description symbol value units 
Heart rate HR 0.75 10% beats/rain 
Blood density P 0.105 10* kg/ra^ 
Blood viscosity v 0.45 10-2 Ns/m^ 
Pulse wave velocity % 0.104 10^ m/s 
Equation of state 
Linear compliance term % 0.67 IQ-S m^/N 
Nonlinear compliance term 
^2 0.16 
10-9 ra^/N^ 
Hypogastric artery 
First resistance 
^H1 0.43 10* Ns/m^ 
Second resistance 
^H2 0.17 
lolo Ns/m^ 
Compliance Cn 0.15 10-9 m^/N 
Profunda branch 
First resistance Kpi 0.85 10^ Ns/m^ 
Second resistance 
*P2 0.34 
lolo Ns/m^ 
Compliance S 0.75 
10-10 m^/N 
Distal end 
First resistance 
Si 0.85 10* Ns/m^ 
Second resistance 
^2 0.34 
lolo Ns/m^ 
Compliance S 0.75 
10-10 m^/N 
^Based on data from Raines et al. (1974). 
The lumped compliances were estimated based on (1) a total arterial 
compliance of 1.0 ml/mmHg, and (2) the assumption that the compliance is 
proportional to the flow into a lumped impedance. Raines also assumed 
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Table 5.2. Fourier coefficients for the proximal pressure wave 
Harmonic Cosine coefficient® Sine Coefficient® 
0 0.1056 10^ 0.0 
1 0.7665 10^ 0.2059 10^ 
2 -0.4450 10^ 0.1752 10^ 
3 -0.1246 10^ 0.5360 10^ 
4 -0.6321 10^ -0.3442 10^ 
5 -0.1365 10^ -0.3161 10^ 
6 0.1211 10% -0.1285 10^ 
®The coefficients have as unit N/ra^. 
that the flow is divided equally at each branch. He found the total 
resistance of a leg based on a flow of 450 ml/min and an arterio-venous 
pressure drop of 60 ramHg. The current study will use this same resis­
tance with the assumption of a zero venous pressure. With the mean prox­
imal pressure approximately equal to 80 mmHg, this translates to a mean 
flow of approximately 600 ml/min. Therefore, the flows predicted by the 
current study should be higher than Raines' values. 
Raines divided R^ Into Rj and Rg so as to minimize reflections. He 
used the impedance of the first harmonic, Eq. (3.16), to minimise the 
modulus of the reflection coefficient K, Eq. (2.23), with respect to the 
ratio RJ^/r^. This was done for the tibial vessels at the end of the po­
pliteal. The value of R^/R^ thus found was 0.2. Raines and Porenta used 
this value for all the lumped impedances. This is questionable as K 
depends on the cross-sectional area and che values of R^ for each branch. 
As the two branches are lumped at the branch points themselves, very 
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close to the main artery, the croas-sectlonal areas of these would not be 
the same as the distal cross-sectional area at the end of the popliteal. 
Also, the value of for the hypogastric artery is twice the value for 
the other two Impedances. However, as the aim of the present study Is to 
compare Its results with those of the two studies mentioned, the same 
value of R^/R^ are used for all three lumped Impedances. If Instead of 
the first harmonic, subsequent harmonics are used to minimise modulus of 
K with respect to the ratio R^/R^, the critical value of this ratio would 
be approximately 0.27 as shown in Fig. 5.2. Also, this figure shows that 
for values of 0.2 < R^/R^ < 0.8, the higher harmonics are attenuated more 
than the lower ones. Outside this range the higher harmonics are re­
flected more than the lower ones. 
Both studies mentioned here used elemental length Increments of 2.0 
cm. The current study also used the same length for main arterial ele­
ments. Figure 5.3 shows the nodal representations of the arterial seg­
ment for all the cases studied. The branches are represented by one ele­
ment and a lumped impedance. The area of cross-section of a branch ele­
ment is assumed to be the same as that of the element on the main artery 
immediately after the branch point. This forces the distal to proximal 
total area ratio to be 2.0 which is higher than the value of 1.2 found in 
literature (for arterial systems). 
Porenta used a time step of 0.0025 sec, whereas Raines used either 
0.001 sec or 0.0005 sec depending on whether the pulse wave velocity was 
less than or greater than 1500 cm/sec. The numerical scheme used in the 
current study automatically adjusts the time step to achieve specified 
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ire 5.2. Variation of the modulus of the reflection coefficient 
K with the ratio R^/R^ for different harmonics 
14 7 14 17 
Figure 5.3a. Nodal representation for the control case 
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Figure 5.3b. Nodal representation when a 1 cm long stenosis Is at 
X = 40 cm 
4 7 14 17 24 25 29 30 371 
Figure 5.3c. Nodal representation when two stenoses of lengths 1 cm 
are placed at x = 34 cm and x = 44 cm 
14 17 27 28 37 
Figure 5.3d. Nodal representation when two stenoses of lengths 1 cm 
are placed at x = 12 cm and x = 40 cm 
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tolerances. Instructions given made the time step less than or equal to 
0.0025 sec. 
Figure 5.4 shows the pressure and flow waveforms predicted at four 
different locations along the main artery: (1) proximal end (Node 1), 
(2) immediately after the first branch (Node 7), (3) Immediately after 
the second branch (Node 17), and (4) distal end (Node 37). The peak 
pressure Increases distally, which conforms with observations. The mean 
pressure drops by 5 mmHg from the proximal to the distal end. These 
waveforms compare well with results of the two previous studies except 
for the distal pressure predicted by Porenta. (The distal peak pressure 
predicted by Porenta is about 20% higher than that predicted by Raines 
et al.). Figure 5.5 Illustrates the maximum, mean, and minimum flow and 
pressure variations with nodal position. 
The pressure peaking Is mainly caused by an Increase in the differ­
ence between the mean and the maximum values. The difference between 
mean and the minimum values remains approximately the same throughout the 
artery. The variation of the PI (pulsatllity index) Is shown in Fig. 5.6. 
The pulsatllity Index is defined as the ratio of the peak-to-peak flow 
excursion to the mean flow. The sudden increase in PI observed after 
each branch is due to the decrease in mean flow (even though the flow 
pulse decreases after each branch the corresponding decrease in the mean 
flow is more than this, hence the PI increases). A comparison of results 
of all three studies is given in Table 5.3. The results of the current 
study compare well with the other two. The discrepancy in the mean flow 
values has already been explained. 
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Figure 5.4b. Flow variation along the artery for the control 
case 
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Figure 5.5b. Variation of pressure with nodal position under 
control conditions 
1 0 3  
10.0 
X 
LU 
a 
<c 
g 
i 8 15 23 30 
NODE NUMBER 
Figure 5.6. Variation of the pulsatility index xd.th nodal 
position for the control case 
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Table 5.3. Comparison of predicted results of Raines, Forenta, and the 
current study 
Raines® Porenta^ Current 
et al. study 
Proximal systolic pressure 125 mmHg 128 mmHg 127 mmHg 
Distal systolic pressure 130 mmHg 157.5 mmHg 135 mmHg 
Proximal diastolic pressure 65 mmHg 65 mmHg 64.5 mmHg 
Distal diastolic pressure 61.5 mmHg 58.5 mmHg 57.6 mmHg 
Mean pressure drop 5 mmHg 5.11 mmHg 
Proximal peak flow rate 32 ml/sec 36.8 ml/sec 36.97 ml/sec 
Distal peak flow rate 8 ml/sec 9.6 ml/sec 8.18 ml/sec 
Proximal minimum flow rate -6 ml/sec -7.2 ml/sec -6.23 ml/sec 
Distal minimum flow rate -1 ml/sec -1.4 ml/sec -1.44 ml/sec 
Proximal mean flow 7.5 ml/sec 9.71 ml/sec 
Mean flow after 1st branch 3.8 ml/sec 4.77 ml/sec 
Mean flow after 2nd branch , 2.0 ml/sec 2.33 ml/sec 
fvalues read from Fig. 5.8 Raines et al. (1974). 
Values read from Fig. 5.1 Porenta (1982). 
One major objective of the present study was to investigate how dif­
ferent forms of lumped impedances affect the final results. In this 
phase of the study, it was decided to use two other types of impedances. 
The first corresponded to the case in which there are no reflections from 
the peripherals. As discussed in Chapter 3 this condition is met when 
Eqs. (3.37) and (3.38) are satisfied. These are reproduced below for 
easy reference 
P = (Rg - Rj)/IQ (5.3) 
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y - [(Rq/R^)(1 + fZ) - 1] (l/f2) (5.4) 
The parameters and IQ are functions of CQ, the cross-sectional area, 
and a. Table 5.4 gives the input values of model parameters for this 
case. 
Because of the nature of the elements selected, the y value of a 
branch element is the same as that of the main arterial element im­
mediately after a branch. The orders of magnitude of all the resistances 
are the same as those for the control case. However, a key difference 
lies in the values of the compliances. They are an order of magnitude 
higher than the control values. The y values for the hypogastric and the 
distal beds are closer to 0.2 although the value 0.27 for the distal bed 
is in better agreement based on the situation for minimum reflections 
from higher harmonics for the control case as shown in Fig. 5.2. 
The pressure and flow variations for this case given by the FEE are 
shown in Fig. 5.7. Here, only the output of the FEP at 0.1 sec intervals 
is plotted. The pressure does not peak as it travels dis tally, and 
there is a pronounced decrease in the flow reversal phase when compared 
with the control case. Both these support the claim that pressure peak­
ing and flow reversals are due to reflections from the peripherals. 
Figure 5.8 shows the maximum, mean, and the minimum flow and pressure 
variations with the nodal position. A comparison of Figs. 5.5 and 5.8 
clearly illustrates the reductions in peak pressure and the increase in 
diastolic flow in the "no reflection" case. The variation of the pulsa-
tility index is given in Fig. 5.9. There is a marked decrease in the PI 
of the last segment, whereas the Pi's of the first two segments remain 
close to the control values. 
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Figure 5.7b. Variation of flow along the artery when there 
are no reflections from the peripheral beds 
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Figure 5.8b. Flow variation with nodal position for the case 
with zero reflections from the peripheral beds 
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Table 5.4. Model parameters for no reflections from the peripherals 
Parameter description symbol value units 
Hypogastric artery 
Frequency parameter 
"H 4.28 
Ratio of 0.165 
The product of R^c^w 24.01 
First resistance 
^H1 0.35 10* 
Ns/m^ 
Second resistance 
^2 
0.18 lO^O Ns/m^ 
Compliance S 0.17 10~® m^/N 
Profunda branch 
Frequency parameter 
"p 3.55 
Ratio of R^/r^ 
^P 0.122 
The product of RgC^w 
"p 24.36 
First resistance 
"PI 0.52 10* 
Ns/m^ . 
Second resistance 
^P2 0.37 10^° 
Ns/m^ 
Compliance S 0.83 lO"* m^/N 
Distal end 
Frequency parameter 
"D 2.38 
Ratio of R^/Rp 0.272 
The product of RgC^w 4.318 
First resistance 
"oi 0.116 lO^O 
Ns/m^ 
Second resistance 
*D2 0.31 10^° 
Ns/m^ 
Compliance % 0.177 10"* m^/N 
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The next case studied had pure resistive lumped Impedances. The 
flow and pressure variations are given in Fig. 5.10. It can be seen im­
mediately that the absence of compliances has led to increased reflec­
tions. The pressure peaks more than in the control case. The flow pulse 
is less than In the control case but the flow reversal is about the same, 
and there are more reflections. Figure 5.11 shows the maximum, mean, and 
minimum pressure and flow variations for this case. Unlike the control 
case, the gap between the mean and minimum pressure Increases dis tally 
Indicating higher reflections. The variation of the PI is shown in 
Fig. 5.12. The Pis in the first two segments are lower, and the PI just 
after the second branch is higher than the control case. But it has a 
steeper gradient and ends up at a lower value than the control case at 
the distal end. A comparison of results of the three cases studied (con­
trol, no reflections, and pure resistive) are given in Table 5.5. 
As mentioned earlier in the literature review and the theoretical 
analysis, an approximation has to be made with regard to the friction 
term since the governing equations used are one-dimensional. Here, the 
form given by Eq. (3.9), and reproduced below, 
r = - [P/2nR} [ ( 8rr/iC^/pA)Q + (C^-1) {dQ/dt} ] (5.5) 
was tested to explore how the addition of a pulsatile term in the fric­
tion expression would alter the foregoing results based only on a 
Polseuille type of a friction expression. 
The plot presented by Young (1979) depicting the variations of 
and with the frequency parameter shows that for a<3, C^l.O and 
Cj=4/3. For increasing a, asymptotically approaches 1.0 and 
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Figure 5.10a. Pressure variation along the artery when the 
lumped impedances are purely resistive 
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Figure 5.10b. Flow variation along the artery when the 
lumped impedances are purely resistive 
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Figure 5.11b. Flow variations with nodal position when the 
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Table 5.5. Effects of different lumped impedances on the pressure and flow 
waveforms 
Control No reflections Pure resistive 
Proximal PI 4.62 5.27 3.15 
PI at node 7 5.90 5.95 5.41 
PI at node 17 6.99 4.98 8.29 
Distal PI 4.22 3.02 1.64 
Proximal mean pressure^ 10.56 10.56 10.56 
Mean pressure at node 7 10.52 10.52 10.51 
Mean pressure at node 17 10.41 10.42 10.42 
Distal mean pressure 9.90 9.90 9.94 
Proximal mean flow^ 9.47 8.95 9.50 
Mean flow In branch 1 4.86 4.58 4.93 
Mean flow in segment 1 4.61 4.37 4.57 
Mean flow in branch 2 2.41 2.19 2.42 
Distal mean flow 2.20 2.19 2.15 
^Pressure units are kPa. 
Flow units are ml/sec. 
increases rapidly. The control case of the present study uses a shear 
stress expression based on Poiseuille flow for which C =1.0 and C =1.0. 
u V 
For this control case the variation of along the artery corresponding 
to the basic heart rate is 2.4 < « < 5. But under diseased or other con­
ditions, the heart rate could increase to higher values. Therefore, to 
take into account a broad range of possible situations, three different 
cases were studied. The first case corresponded to low values (a<2) 
where C =1 and C =4/3. The second case used C =1.5 and C =1.16, 
vu vu
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which corresponds to an a of about 6. The third was an extreme case of 
high a with C^=3.o and Cy=»1.16. Theoretically speaking, a more 
appropriate value for would have been 1.0 as for a value equal to 
3.0, the corresponding value is very close to 1.0 (Figure 10, Young 
1979). But to retain the pulsatility effects the slightly higher value 
was used. Also, this particular case could be interpreted as studying 
the effects of the friction term for higher harmonics. For the control 
case, the a value used in this third case corresponds to approximately 
the sixth harmonic at the proximal end, and the second harmonic at the 
distal end (i.e., the shear expression is discriminatory in nature). 
Increasing increases the mean component of TQ, This is the same 
as Increasing the viscosity. Therefore, the last two cases could be in­
terpreted as studying the effects of viscosity when it is increased by 
50% and 300%, plus the pulsatile terra. The flow and pressure variations 
predicted by the FEP for the first case are given in Fig. 5.13. These 
are not significantly different from the corresponding waveforms for the 
control case. However, there are some slight differences. The peak flow 
and the difference between the peak and minimum flows are slightly less 
than in the control case, but there is no observable phase difference in 
flow, as the pressure pulse travells distally, the diastolic pressure 
wave lags and the hump is lower than in the control case, but there is no 
significant difference in the systolic pressure in magnitude or in phase. 
In other words, the slight differences in pressure observed are in the 
diastolic phase where the pulsatile effects are the lowest. 
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Figure 5.13a. Flow variations for =» 4/3, and = 1.0 
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Figure 5.13b. Pressure variations for = 4/3, and = 1.0 
117 
The results obtained for the two cases with and 0^=1.5 and 
3.0 are shown in Figs. 5.14-5.15. The flow waveforms are very similar to 
the control case except for the fact that the peak flow and the differ­
ence between the maximum and minimum flow values are less than in the 
control case, and decrease with increasing C^. The pressure and the flow 
do not show any significant phase difference from the control case. For 
Cy=i.5 and Cu=1.16, the peak pressure increased in the first two segments 
(but not as much as in the control case), but decreased in the third seg­
ment. For Cy=3.o and Cy=1.16, the peak pressure decreased in all three 
segments; the drop in the last segment was very pronounced. The varia­
tions of the PI for these cases along with the control case are compared 
in Fig. 5.16. The changes in mean pressure and flow, and the pulse pres­
sure and flow are presented in Fig. 5.17. The first case shows that the 
inclusion of an unsteady term in the shear expression does not affect the 
results significantly; when the coefficient is included the pressure 
pulse gets damped and hence the results are affected. Therefore, pulsa-
tility effects could be accounted for by assuming a higher value for // 
(as Raines did) and a shear stress expression based on Poiseuille flow Is 
adequate. 
The femoral artery is one of the common sites where arterial 
stenoses have been detected. Porenta (1982) used the computer model he 
developed to analyse variations in the PI with different stenosis severi­
ties (0, 50, 75, and 90 percent stenoses). All these stenoses were of 
length 1 cm, and placed at the midpoint of the third segment (at x=40 
cm). The FEP developed here can accomodate stenoses of different lengths 
and severities, and is also capable of accommodating multiple stenoses. 
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Figure 5.14b. Variation of pressure for C^»3.0, and C^=1.16 
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Figure 5.15b. Variation of flow with time for C =3.0, C =1.16 
vu
120 
10.0 
8 . 0  
1 - Cy-1.16, Cy"1.5 
2 - Cy-1.16, Cy=3.0 
3 - Cy-1.33, Cy-1.0 
4 - Cy-1.00, Cy-1.0 
1 8 15 23 
NODE NUMBER 
Figure 5.16. Variation of the pulsatility index with nodal position 
for different values of and in the shear stress 
expression 
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Figure 5.17b. Variation of pressure with nodal position for cases 
given above 
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The possible existence of multiple stenoses Is recognized In many clini­
cal cases. Furthermore, It has been observed that a more severe stenosis 
can obscure the presence of a less severe one. In order to explore the 
behaviour of mutlple stenoses, two stenoses with severities 75% and 90% 
were placed in the third segment at x=35 cm and x=45 cm. Both stenoses 
were of length 1 cm. Two runs were made: First with the 75% stenosis 
proximal to the 90% stenosis and second with the positions interchanged. 
Figures 5.18-5.22 compare results obtained for the two cases. The PI 
Just after the second branch is markedly low when the 90% stenosis Is in 
front of the 75% stenosis, but the distal Pis are only slightly different 
from each other. The mean pressure drop across the two stenoses is 
higher by about 3.5 mmHg when the 90% stenosis is in front of the 75% 
stenosis. It is interesting to note that the pressure drop across the 
90% stenosis is 4.6 mmHg more when it is distal to the 75% stenosis, and 
for the 75% stenosis the pressure drop across it is 1 mmHg more when it 
is distal to the 90% stenosis. Also the flow to the distal bed is 
slightly higher when the 90% stenosis is in front of the 75% stenosis. A 
summary of results for these two runs and the control case are given in 
Table 5.6. 
Next, the two stenoses were placed in two different segments. The 
first stenosis was placed at the midpoint of the second segment at x-13 
cm, and the second stenosis was placed at the midpoint of the third seg­
ment at x=40 cm. Both were of length 1 cm, and the results are shown in 
Figs. 5.23-5.27. A clear distinction between the case where the stenoses 
are in two different segments, and the case where the stenoses are in the 
same segment is that in the former case the flow waveforms predicted are 
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Figure 5.18a. Variation of pressure with nodal position when a 
75% stenosis is placed proximal to a 90% stenosis 
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Figure 5.18b. Variation of pressure with nodal position when a 
90% stenosis is placed proximal to a 75% stenosis 
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Figure 5.19a. Variation of the flow at four nodes when a 75% 
stenosis is placed proximal to a 90% stenosis 
in segment 3 
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Figure 5.19b. Variation of the flow at four nodes when a 90% 
stenosis is placed proximal to a 75% stenosis 
in segment 3 
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Figure 5.21a. Variation of flow with nodal position when a 75% 
stenosis is placed proximal to a 90% stenosis in 
the third segment 
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Figure 5.21b. Variation of flow with the nodal position when 
a 90% stenosis is placed proximal to a 75% 
stenosis in the third segment 
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Figure 5.22a. Variation of the pulsatlllty index when a 75% 
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Figure 5.22b. Variation of the pulsatlllty index when a 90% 
stenosis is placed proximal to a 75% stenosis 
in the third segment 
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Figure 5.24b. Variation of flow with time when a 90% stenosis 
is placed in segment 2 and a 75% stenosis is 
placed is segment 2 
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Figure 5.25b. Pressure variation with nodal position for the 
case with two stenoses; 90% in segment 2 and 
75% in segment 3 
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Figure 5.26b. Variation of flow with nodal position when a 
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Figure 5.27a. Variation of the pulsatility index with nodal 
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Figure 5.27b. Variation of the pulsatility index with nodal 
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Table 5.6. Effects of positioning of a mild and a severe stenosis on the 
flow and pressure waveforms 
Control 75% proximal to 90% 75% distal to 90% 
Proximal PI 4.62 4.84 4.39 
PI at node 7 5.90 6.34 5.31 
PI at node 17 6.99 7.07 4.73 
Distal PI 4.22 1.75 1.60 
Proximal mean pressure® 10.56 10.56 10.56 
Mean pressure at node 7 10.52 10.52 10.52 
Mean pressure at node 17 10.41 10.44 10.43 
Distal mean pressure 9.90 7.41 7.85 
Proximal mean flow^ 9.47 8.85 8.95 
Mean flow In branch 1 4.86 4.86 4.86 
Mean flow In segment 1 4.61 4.00 4.10 
Mean flow in branch 2 2.41 2.41 2.41 
Distal mean flow 2.20 1.60 1.71 
PI at stenosis 1 2.95 2.14 
Mean pressure before stenosis 1 10.37 10.36 
Mean pressure after stenosis 1 10.13 8.55 
Mean pressure drop across stenosis 1 0.25 1.81 
PI at stenosis 2 2.02 1.89 
Mean pressure before stenosis 2 10.05 8.46 
Mean pressure after stenosis 2 7.62 8.08 
Mean pressure drop across stenosis 2 2.43 0.38 
^Pressure units are kPa. 
Flow units are ml/sec. 
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marred by high frequency components unlike In the latter case. Whether 
these are caused by Instabilities in the mathematical scheme, or whether 
they depict the actual waveforms could not be determined here (due to 
lack of experimental data). Due to the high flow reversal phase asso­
ciated with it, the proximal and distal Pis are higher when the 75% 
stenosis is in the second segment. Also the variation of the PI along 
the artery is more erratic when compared with earlier results. Unlike 
the previous case, the total pressure drop, and the proximal flow remain 
almost the same when the stenoses are interchanged. Table 5.7 presents a 
summary of results for the two runs and the control case. 
Whenever a stenosis is present it causes a pressure drop across it. 
This alters the driving pressure at the peripherals. If the total resis­
tance of the lumped impedance remains constant at the control value, the 
result would be a reduction of flow. Consequently, the ratio of R^/R^ 
corresponding to the control case may not provide minimum reflections, 
and this may be one reason for the high frequency components noted In the 
last two runs. 
It has been observed that the peripheral vascular beds may attempt 
to compensate for the loss of pressure associated with a stenosis by 
decreasing the peripheral resistance. This means that the resistance 
values used for the control case may need to be changed when analyzing 
stenosed conditions. To investigate this further, two runs were made 
with a single stenosis of 90% severity and length 1 cm placed at the 
center of the third segment at x=40 cm. In the first run all the parame­
ters in the lumped impedances were kept at the control values, and in the 
second run the resistances in the distal lumped Impedance were decreased 
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Table 5.7. Effects of positioning two stenoses in different segments 
Control 75% in sag.2 and 90% in seg.2 and 
90% in seg.S 75% in seg.3 
Proximal PI 4.62 4.16 3.03 
PI at node 7 5.90 4.68 2.03 
PI at node 17 6.99 4.14 1.76 
Distal PI 4.22 1.33 1.01 
Proximal mean pressure® 10.56 10.56 10.56 
Mean pressure at node 7 10.52 10.52 10.52 
Mean pressure at node 17 10.41 10.01 8.27 
Distal mean pressure 9.90 7.60 7.59 
Proximal mean flow^ 9.47 8.78 8.33 
Mean flow in branch 1 4.86 4.86 4.86 
Mean flow in segment 1 4.61 3.92 3.47 
Mean flow in branch 2 2.41 2.31 1.86 
Distal mean flow 2.20 1.63 1.62 
PI at stenosis 1 3.66 1.49 
Mean pressure before stenosis 1 10.49 10.49 
Mean pressure after stenosis 1 10.05 8.31 
Mean pressure drop across stenosis 1 0.44 2.18 
PI at stenosis 2 1.65 1.27 
Mean pressure before stenosis 2 9.89 8.15 
Mean pressure after stenosis 2 7.87 7.89 
Mean pressure drop across stenosis 2 2.02 0.29 
^Pressure units are kPa. 
Flow units are ml/sec. 
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appropriately to account for the pressure drop. As this pressure drop Is 
not known beforehand, the following approximate method was used to esti­
mate changes to be made In and Rgg. The value of to be used In 
Eq. (2.25) was found to be 7886 based on the areas given by Eq. (5.2) and 
a length of 1 cm. With K^=1.5, and neglecting the third term in 
Eq. (2.25), the pressure drop across the stenosis was found to be 5.43 
kPa. Therefore, the distal pressure is 10.56-5.43=5.13 kPa. The values 
of Rjjj and Rgg were scaled down by the ratio 5.13/10.56 keeping y at the 
control value of 0.2. The details of the pressure and flow variations 
predicted are given in Figs. 5.28-5.32. Table 5.8 summarizes the prin­
cipal results. The actual pressure drop across the stenosis in the com­
pensated case is 3.96 kPa. This is about 20% lower than the anticipated 
value. Apart from the change in the mean values, the flow waveforms did 
not change significantly in the two runs. The pressure variations up to 
the stenosis were similar in the two runs. 
There were three primary goals in this phase of the overall study: 
(1) to establish validity of the PEP by comparing its results with other 
published studies; (2) to investigate the adequacy of using a Polseuille 
type friction expression in analysing arterial flow; and (3) to in­
vestigate the use of the FEP for the study of stenosed arteries. 
The FEP yields results very compatible with other studies. The low 
cost of computer runs, which is indicative of the efficiency of the pro­
gram, is a favorable attribute of the FEP. It was noticed that in some 
runs, with Increasing number of Iteration cycles, the mathematical scheme 
generated high frequency noise. Upon filtering these high frequency 
components in the predicted waveforms using Fourier transformations, and 
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Figure 5.28a. Pressure variations when a 90% stenosis is at 
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Figure 5.28b. Pressure variations when the distal bed compensates 
for the pressure loss 
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Figure 5.29b. Flow variations when the distal bed compensates 
for the pressure loss caused by the stenosis 
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Figure 5.30a. Variation of pressure with nodal position when 
a 90% stenosis is placed midway in segment 3 
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Figure 5.30b. Variation of pressure with nodal position when 
the peripheral bed compensates for the loss of 
pressure caused by the 90% stenosis 
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Figure 5.31a. Variation of flow with the nodal position when 
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Figure 5.31b. Variation of flow with nodal position when 
the peripheral bed compensates for the loss 
of pressure caused by the 90% stenosis 
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Figure 5.32a. Pulsatility index when a 90% stenosis is at 
the mid-point of segment 3 
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Figure 5.32b. Pulsatility index when the distal bed comp­
ensates for the pressure loss 
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Table 5.8. Effects of compensating foe loss of pressure across a 90% 
stenosis 
Control no compensation with compensation 
Proximal PI 4.62 4.67 4.25 
PI at node 7 5.90 5.92 4.81 
PI at node 17 6.99 6.07 3.89 
Distal PI 4.22 1.76 1.08 
Proximal mean pressure® 10.56 10.56 10.56 
Mean pressure at node 7 10.52 10.52 10.51 
Mean pressure at node 17 10.41 10.44 10.41 
Distal mean pressure 9.90 7.83 5.82 
Proximal mean flow^ 9.47 8.95 9.85 
Mean flow in branch 1 4.86 4.86 4.86 
Mean flow in segment 1 4.61 4.09 4.99 
Mean flow in branch 2 2.41 2.40 2.40 
Distal mean flow 2.20 1.70 2.60 
PI at stenosis 1 2.16 1.23 
Mean pressure before stenosis 1 10.32 10.22 
Mean pressure after stenosis 1 8.11 6.26 
Mean pressure drop across stenosis 1 2.21 3.96 
^Pressure units are kPa. 
Flow units are ml/sec. 
considering only the first 7 harmonics (corresponding to the number of 
pressure harmonics used in the input), it was found that starting from 
the second cycle, the FEP results stabilized satisfactorily. Therefore, 
all the computer runs were only taken through the completion of the third 
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cycle. A NAS-9 computer was used In this study. It took approximately 
20 CPU-sec to analyze the control case, and approximately 60 CPU-sec to 
analyze the case with all the parameters held at control values and the 
number of elements doubled. 
In summary, this phase of the study was aimed at studying the ef­
fects of friction In the overall solution in detail, and the effects of 
stenosis through the use of the FEP to simulate flow in the human leg. 
The results show that the pulsatlllty effects could be accounted for by 
assuming a higher value for the coefficient of vlscoclty ft, and a shear 
expression based on the Polseuille flow. The study on effects of 
stenoses was not Intended to be exhaustive, but rather to show the appli­
cability of the FEP to analyse various situations. Each stenosed condi­
tion analysed could be amplified into comprehensive studies and results 
checked with actual measurements of pressure and flow. 
Simulation of Blood flow in the Human Arm Arteries 
A simple representation of the arteries in the human arm would be an 
arterial segment—the brachial artery—leading to a bifurcation. The 
branch produces two similar arteries—the radial and ulnar arteries 
(Balar 1985). These can be modeled in two ways. First, both radial and 
ulnar artreies can be treated as having equal lengths and terminating at 
identical lumped impedances; and second, the ulnar artery can be 
represented by a lumped impedance at the branch point itself separated 
only by one element of length 0.002 m. One objective of this phase of 
the current study is to ascertain possible errors Introduced by 
representing long branches by their terminal lumped impedances placed at 
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the branch points. Figures 5.33 and 5.34 give the nodal representations 
for these two cases. 
11 23 
Figure 5.33. Nodal representation when both branches are of the same 
length (Case A) 
• 
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Figure 5.34. Nodal representation when ulnar branch is lumped at the 
branch point (Case B) 
The parameter values for the lumped Impedances and the main artery are 
taken from Balar (1985) and presented in Table 5.9. The Input pressure 
waveform is also taken from Balar (1985) with the Fourier coefficients 
used to simulate this waveform given in Table 5.10. 
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Table 5.9. Model parameters for the human arm arteries^ 
Parameter description symbol value units 
Heart rate HR 0.78 10% beats/min 
Blood density P 0.105 10* kg/m^ 
Blood viscosity 0.45 10-2 Ns/m^ 
Pulse wave velocity =0 0.88 10^ m/s 
Equation of state 
Linear compliance term 
^0 0.8487 
10-5 m^/N 
Nonlinear compliance term 
^1 0.3020 
10-9 m^/N^ 
Ulnar branch 
First resistance \l 0.1546 
lolo Ns/m^ 
Second resistance 
^U2 0.1391 
10^1 Ns/m^ 
Compliance 0.2004 10-10 m^/N 
Radial branch 
First resistance 
"R1 0.1546 
lolo Ns/m^ 
Second resistance 
*R2 0.1391 
loll Ns/m^ 
Compliance CR 0.2004 10-10 m^/N 
^Based on data from Balar (1985). 
The results obtained by the FEP are shown In Figures 5.35-5.38. The 
first. Fig. 5.35, shows the variation of the PI with nodal position. 
Clearly, the Pis using the long ulnar artery (Case A) are higher than the 
Pis when it is lumped at the branch point (Case B). As shown by Figures 
5.36 and 5.37 the distal pressure peaking is the same with both 
approaches; but the pressure at the end of the ulnar artery in Case B is 
slightly lower than in Case A. The pulsatility index in the radial 
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Figure 5.35. 
13 20 
NODE NUMBER 
Variation of the pulsatility index with the nodal 
position when the ulnar artery is taken as having 
the same length as the radial artery (Case A), and 
when it is lumped at the branch point itself (Case B) 
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Figure 5.36a. Variation of flow with nodal position for Case A 
using long ulnar artery 
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Figure 5.36b. Variation of pressure with nodal position for Case B 
using long ulnar artery 
148 
-Peak flow Ulnar artery 
Radial artery 
O.lOE-04 
Mean flow 
S 0.50E-05 
O' O O Q O Q-O O-Q O O O Q O Q Q O O Q O  
-0.50E-05 
Minimum flow 
-O.lOE-04 
1 3 5 7 3 11 13 15 17 19 21 23 
NODE NUMBER 
Figure 5.37a. Variation of flow with nodal position for Case A 
using short ulnar artery 
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Figure 5.37b. Variation of pressure with nodal position for Case G 
using short ulnar artery 
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Table 5.10. Fourier coefficients for the proximal pressure wave 
Harmonic Cosine coefficient^ Sine Coefficient^ 
0 0.1015 10^ 0.0 
1 -0.9154 10^ 0.2251 10^ 
2 -0.9154 10^ 0.1457 10^ 
3 -0.7785 10^ -0.5809 10^ 
4 -0.4535 10^ 0.2554 10^ 
5 -0.2247 10^ -0.2067 10^ 
6 -0.4539 10% ,-0.1373 10^ 
*The coefficients have as unit N/m^ 
artery is nearly the same in both cases, but the PI in the ulnar artery 
is smaller In Case B than in Case A. The flow pulse at the inlet to the 
ulnar artery is distinctly more la Case A than in Case B. This leads to 
higher proximal flow pulses in Case A. Comparing Figures 5.36 and 5.37 
it is noticed that the decrease in the peak flow and the increase in the 
minimum flow as it enters the ulnar artery is the same for both cases. 
The flow waveform at four different nodal positions are compared in Fig­
ure 5.38: these are at the proximal end; at the end of the first 
segment; at the distal end of the ulnar artery; and the distal end of the 
radial artery. These show that flow waveforms corresponding to Case B 
have a slight lead in time over those corresponding to Case A. In con­
clusion, the representation of a branch by its terminal lumped impedance 
at the branch point itself reduces the PI of the system proximal to the 
branch. Or in other words, inclusion of an arterial segment before the 
terminal branch impedance Increases the overall PI of the system proximal 
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Figure 5.38. Comparison of flow waveforms at four nodal locations: 
(1) proximal end; (2) inlet to ulnar artery; (3) inlet 
to radial artery; and (4) distal end when the ulnar 
artery is modeled as having the same length as the 
radial artery, and when it is lumped at the branch 
point. 
(a) Proximal end 
(b) Entrance to the branch 
(c) Distal end of the ulnar artery 
(d) Distal end of the radial artery 
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to the branch point. This Is a result of the amplification of the flow 
pulse dis tally, along the branch arterial segment. 
In summary, this phase of the study shows that representing a branch 
by a long arterial segment ending at a lumped impedance as opposed to an 
impedance lumped at the branch point itself does not affect the pressure 
waveform significantly. Also, the flow waveform distal to the branch Is 
not affected by how the branch artery is represented. However, the 
waveform proximal to the branch Is dependent on the choice of representa­
tion of the branch artery; a long branch artery increases the PI of the 
segment proximal to the branch. Even though the effects of different 
lengths of the branch artery was not studied in detail, based on the re­
sults obtained, it seems reasonable to assume that the Increase in the 
proximal PI would become higher with increasing lengths of the branch 
artery. 
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CHAPTER VI. APPLICATION OF THE FEP TO SIMULATE BLOOD FLOW IN THE 
BOVINE UTERINE ARTERY 
As a part of a research project in the Biomedical Engineering Pro­
gram at Iowa State University, a group of researchers have collected a 
large amount of flow data from bovine uterine arteries. Their aim is to 
use these data to develop a new technique for early pregnancy detection 
in cows. This would help the livestock industry to waste less time in 
identifying non-pregnant cows. The success of the proposed technique 
depends largely on its ability to Identify changes in the flow patterns 
to the uterus. In order to achieve this end, a good understanding of 
the nature of pulsatile flow in the uterine arteries, along with the fac­
tors affecting the characteristics of the flow waveforms, is required. 
Thus, as an additional application for the FEP, flow in the bovine uter­
ine artery was investigated. This artery and its flow characteristics 
differ from the other arteries studied thus far in several aspects: 
1. Observations Indicate that the vessel characteristics, such as 
the compliance and the cross-sectional area, may change signifi­
cantly during the estrous cycle. Unfortunately, no comprehen­
sive study has been carried out to monitor these changes. 
2. Studies also indicate that during the course of the estrous 
cycle, the mean flow changes systematically (Ford et al. 1979). 
The flow is highest from approximately two days before the onset 
of estrous to day 1 of the estrous cycle. Then it shows a grad­
ual decline to day 6. There are two transient increases 
between day 7 and 15 of the cycle followed by a minimum on day 
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16. The else after that continues to the maximum flow 2 days 
before the onset of the next oestrus. 
3. The bovine uterine artery is much shorter than the other 
arteries studied thus far. 
Due to lack of available data, the uterine artery is assumed to have 
constant cross-section in each segment (a segment is defined as that por­
tion of an artery between two major branches, or the branch point and a 
lumped impedance). Also, after the first branch It is assumed that the 
remaining branch arteries and the terminal micro vasculature could be 
lumped into two equivalent impedances as shown in Fig. 6.1. 
3.2 cm 
TA 
3 . 4  r a m  2 inm 
2B TB 
Figure 6.1. Model representation of the uterine artery 
Using available X-ray photographs obtained from several cows, the 
average geometry of this system was determined. Observations show that 
the vessel diameter changes with the progression of the oestrous cycle. 
However, the specific nature of these changes are unknown. Therefore, 
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for the present study all the arterial segments in the system are assumed 
to maintain constant diameters throughout the estrous cycle. The 
resulting geometry, as determined from the X-ray photographs, for the 
bovine uterine artery has three segments. The first is approximately 4.7 
cm long leading to a bifurcation with 3.2 cm and 6.2 cm long segments. 
As all three of the segments are short, taper is assumed negligible and 
the uniform average diameters were estimated to be 4.2 mm, 2.5 mm, and 
3.4 mm, respectively. 
In order to obtain the vessel compliance, three uterine arterial 
segments were filled with physiological saline in incremental volumes, 
and the corresponding internal pressure changes noted. All cow data used 
in this study were furnished by researchers from the Department of Animal 
Science at Iowa State University. A regression analysis performed to 
find the best fitting curve of the form 
1-(A/AQ) = CgPgd-P/PQ) + C®Pg(l-P/PQ)^ (6.1) 
which is the equation of state used in the development of the FEP, 
yielded 0^=1.645x10 ^ m^/N and 0^=5.864x10 m^/N^. These values are 
used as the control values for the compliance of the main and the two 
branch arteries. However, observations show that the arterial wall be­
comes stiffer during the low flow phase of the estrous cycle when com­
pared with the high flow phase. The arterial segments used in the 
estimation of CQ and were obtained from the first segment during the 
high flow phase. Strictly speaking, the CQ and values for the other 
two segments would not exactly be the same as 1.645x10"^ m^/N and 
5.864x10 m^/N^ respectively, since their diameters, wall thicknesses, 
etc., are different. 
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In order to find approximate values of the compliances contained in 
the lumped Impedances, the method outlined in Chapter 3 using biological 
similarity considerations was used. Consider the two systems in 
Eqs. (3.23)-(3.31) to be that of the cow and man. The ratio M/M^ of mass 
of cow (M) to mass of man (M^) is assumed to be 5. Therefore, from 
Eq. (3.31) the ratio of the cardiac outputs Qg/Qgg^ is given by 
Q./Q. = 52/3 = 2.92 (6.2) 
c cm 
The cardiac output of man is about 5800 ml/min. Therefore, the car­
diac output of cow is approximately 17,000 ml/min. As discussed earlier, 
the flow through each uterine artery changes with the progression of the 
es trous cycle. An electromagnetic flowmeter placed on the uterine artery 
of a cow Indicated a maximum flow of the order of 100 ml/mln and a 
minimum flow of approximately 25 ml/min when the flow was monitored over 
one estrous cycle. Therefore, for this study, these two flow values were 
selected (25 ml/min and lOOml/min) as being representative. With the 
flow equal to 100 ml/min, the fraction of the total flow through one uter­
ine artery would be 100/17,000=0.6%. For man, the total compliance of 
the vascular system is shown to be of the order of 1 ml/mmHg (Raines et 
al. 1974). Therefore, the total compliance of the vascular system of the 
cow would be approximately equal to 5 ml/mmHg since as shown in Chapter 
3 the ratio of compliances is expected to scale as the mass. Raines et 
al. (1974) in their study of the human femoral artery, assumed that the 
compliance of the lumped impedance representing a branch is proportional 
to the flow into it. Therefore, the lumped compliance of both branches A 
and B (Fig. 6.1) for this flow is 5x0.006=0.03 ml/mmHg, i.e., 
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Ca + Cg => 0.03 (6.3) 
It Is reasonable to assume that flow at a bifurcation is divided 
in the ratio of branch areas. Then 
V^B " V^B " t2.5/3.4]^ = 0.54 (6.4) 
therefore, 
VS " V^B " 0.54 (6.5) 
resulting in 0^=0.01 ral/ramHg, and 0^=0.02 ml/ramHg. Similarly, for a 
flow of 25 ral/min in the uterine artery 0^=0.0025 ml/mmHg and Cg=0.005 
ral/ramHg. It is to be emphasized that these estimates for the lumped 
compliances are certainly approximate, but at the present time there are 
no experimental data available. 
Having obtained values for the compliances of the main and branch 
arteries and the lumped impedances, the next step is to obtain resis­
tances , Rg of the latter. From continuity of flow across the bifurca­
tion 
Q = + Qb (6.6) 
From Eqs. (6.5) and (6.6), QA=Q/2.85 and Qg=Q/1.54. For Q=100 ml/min Q^= 
35.1 ml/min and Qg = 64.9 ml/min, and for Q=25 ral/min, = 8.8 ml/min 
and Q = 16.2 ml/min. 
As stated earlier in Chapter 3, the sum of the resistances R^ and R^ 
is given by 
R + R = P/Q (6.7) 
1 2 
where P and "Q are the mean pressure and the mean flow proximal to the 
lumped impedance. As the mean pressure drop is small over short distances 
"P is assumed equal to the proximal mean pressure when computing F/Q^. 
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To evaluate and Rg» another equation is required. As mentioned 
earlier, in previous studies three basic assumptions have been made 
with regard to the nature of the lumped impedances: (1) purely resistive 
with the resistance being equal to the input impedance; (2) pure 
Mindkessel; and (3) modified Wlndkessel. The first case is equivalent 
to making R^sC-paO and Rj=P/Q. The second case is equivalent to making 
Rj=0, R2=P/Q and the third is the form used by Raines et al. (1974) and 
analysed in detail in Chapter 3. 
Table 6.1. Fourier coefficients for the proximal pressure wave 
Harmonic Cosine Coefficient® Sine Coefficient® 
0 +0.1433 E5 0.0 
1 -0.1044 E4 +0.1588 E4 
2 -0.5393 E3 +0.3967 E3 
3 -0.2021 E3 -0.6036 El 
4 -0.6117 E2 +0.1374 E3 
5 -0.1350 E3 +0.8481 E2 
6 -0.9017 E2 +0.4391 E2 
7 -0.1090 E3 +0.2970 E2 
8 -0.6223 E2 -0.2743 E2 
9 -0.2109 E2 -0.1559 E2 
^The coefficients have as units N/m? 
Before proceeding further, it seems appropriate to present the pres­
sure waveform used as the proximal boundary condition. Pressure data 
were obtained using a catheter tipped pressure transducer located at the 
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proximal end of the uterine artrey. Here, it is assumed that this prox­
imal pressure waveform does not vary significantly over the es trous cycle. 
Hence, the same pressure waveform is used with both flow conditions under 
study. Averaging digitized pressure data of ten consequetive cycles meas­
ured in the first segment, the input pressure waveform was reduced to its 
Fourier components as given in Table 6.1; and the reconstructed input 
pressure waveform is given in Fig. 6.2. 
The different cases mentioned earlier are discussed in detail below. 
First, consider the case where the lumped impedances are purely 
resistive. A summary of input parameters used for the two flow condi­
tions are given in Table 6.2. Unless otherwise stated, in all the cases 
studied, four elements are placed in the first segment and in branch A, 
and five elements are placed in branch B as shown in Fig. 6.1. For these 
computer runs, even after continuing through 6 cycles iteratively, the 
flow and pressure waveforms were marred by spurious reflections. A three 
dimensional plot^ of the pressure and flow waveforms are given in 
Fig. 6.3. The plot shows variation of one cycle of flow and pressure at 
each node at time intervals of 0.01 sees. It seems that the spurious 
reflections observed have the highest amplitudes in the first segment. 
^ The orientations of all the three dimensional plots presented are 
selected so as to best illustrate the surfaces. Sometimes this leads to 
awkward labelling of the axes. As given in Fig. 6.1, nodes 1-5 represent 
the first segment; nodes 6-10 represent branch A; and, nodes 11-16 
represent branch B. The gaps between segments are shaded to better iso­
late them. The vertical scales are determined by the plot routine so as 
to make the plots occupy a given window. Therefore, these scales change 
from plot to plot. Also, the reference horizontal plane drawn depends on 
the location of the observer in space and does not necessarily pass 
through the origin. 
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Figure 6.2. Input pressure waveform 
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Figure 6.3. Variation of the flow and the pressure when the 
lumped impedances are purely resistive 
(a) Pressure variation for Q • 100 ml/min 
(b) Pressure variation for Q - 25 ml/min 
(c) Flow variation for Q • 100 ml/min 
(d) Flow variation for Q « 25 ml/min 
Axis n denotes the nodal position, and axis 
t denotes time in 0.01 sec increments 
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To check whether these could be damped by altering the wall shear stress, 
the FEP was run again with the modified wall shear stress expression 
Eq. (3.9), and to determine whether the reflections were caused by the 
element size selected, the FEP was run with twice the number of elements 
previously used In each segment. There were no significant differences 
among the results obtained. 
To Investigate how the number of harmonics used In expressing the 
proximal boundary condition affects the outcome, the FEP was run with 
proximal pressure Input represented by 6 and 4 harmonics, respectively, 
as opposed to the nine used before. The results indicated that reducing 
the number of input pressure harmonics damps out the high frequency re­
flections in the pressure and the flow pulses. In fact, the flows and 
pressures predicted by the program were accurate only up to the number of 
harmonics used In the input proximal pressure waveform. This was checked 
by performing Fourier analysis on the predicted waveform (corresponding 
to an input proximal pressure comprising of 9 harmonics and the mean) and 
taking only 6 and 4 harmonics, and comparing them with those predicted by 
inputting only 6 and 4 pressure harmonics, respectively. 
The predicted variation of the pulsatility index is shown in 
Fig. 6.4. Some measured values of the PI obtained directly from an elec­
tromagnetic flowmeter placed on the uterine artery of a cow indicated that 
for the high flow rate the PI is in the range of about 1.0-2.0, and for 
the low flow rate this is about 3.0-4.0. Obviously, the predicted values 
are generally higher than these. Therefore, it seems that the assumption 
of a purely resistive Impedance causes difficulties for two reasons: 
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Figure 6.4. Variation of the pulsatility index with nodal 
position when the lumped impedances are purely 
resistive 
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(1) It would cause spurious reflections, the presence of which are hard 
to explain, and (2) the Pis predicted are higher than those observed. 
Table 6.2. Lumped impedance parameter values for the pure resistive case 
Flow 25 ml/min 100 ml/min 
Branch A B A B 
Rj (Ns/m^) 9.733E 10 5.317E 10 2.433E 10 1.329E 10 
Rg (Ns/m^) 0.0 0.0 0.0 0.0 
(ra^/N) 0.0 0.0 0.0 0.0 
0.0 
C® (m^/N) 1.645 E-05 
Cj (m^/N^) 5.864 E-11 
The second case studied was the simple Windkessel where R^= 0, and 
Rg= P/Q. The input parameters for the two flow cases are given in 
Table 6.3. The predicted flow and pressure waveforms are given in 
Fig. 6.5. These show a clear absence of the spurious reflections as ob­
served in the pure resistance case. However, the Pis predicted, as shown 
in Fig. 6.6, remain much higher than those observed. In fact, they are 
even higher than the Pis predicted (with all the reflections) using pure 
resistive impedances. The impedance spectra variations for the cases 
with pure resistive and simple Windkessel type of lumped impedances are 
shown in Fig. 6.7. The plots show variation of the harmonic impedance 
(upto the 9th harmonic) at each node. The harmonic Impedance is 
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Figure 6.5. Variation of the flow and pressure when the lumped 
impedances are pure Windkessels 
(a) Pressure variation for Q = 25 ml/min 
(b) Pressure variation for Q = 100 ml/min 
(c) Flow variation for Q = 25 ml/min 
(d) Flow variation for Q = 100 ml/min 
Axis n denotes the nodal position, and axis t 
gives the time in 10 ms intervals 
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Figure 6.6. Variation of the pulsatility index with nodal position 
for the simple Windkessel lumped impedances 
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Figure 6.7. Comparison of impedance spectra for the pure 
resistive and simple Windkessel cases 
(a) Pure resistive with flow of 25 ml/min 
(b> Pure resistive with flow of 100 ml/min 
(c) Pure Windkessel with flow of 25 ml/min 
(d) Pure Windkessel with flow of 100 ml/min 
Axis m denotes the harmonic 
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Table 6.3. Lumped Impedance parameter values for the simple Wlndkessel 
case 
Flow 25 ml/mln 100 ml/raln 
Branch A B A B 
Rj (Ns/m^) 0.0 0.0 0.0 0.0 
Rg (Ns/m^) 9.733E 10 5.317E 10 2.433E 10 1.329E 10 
(m^/N) 1.939E-11 3.586E-11 7.518E-11 1.503E-10 
Ri/RJ, 0.0 
eg (m^/N) 1.645 E-05 
Cj (m^N^) 5.864 E-ll 
obtained by dividing the magnitude of the m*"^ Fourier coefficient of the 
pressure waveform by the magnitude of the m^^ Fourier coefficient of the 
flow waveform. As can be seen, the Wlndkessel has a prominent mean im­
pedance and very small harmonic impedances, whereas the resistive confi­
guration, by virtue of its characteristics, brings the impedances of all 
the harmonics and the mean to the same value at the terminal beds. This 
clearly Illustrates that one should anticipate higher reflections with 
resistive lumped Impedances. 
The shapes and Pis of the predicted waveforms in these two cases 
rule them out as representative of the actual case. Therefore, one has 
to consider alternative approaches to obtain waveforms matching those 
measured experimentally. As previously discussed in detail, Raines used 
a modified Wlndkessel, as described in Chapter 3, in his analysis of the 
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human femoral artery. He found a value for using experimental data, 
and evaluated assuming it is proportional to the flow into it. He 
then minimized the modulus of the reflection coefficient K, based on the 
basic heart rate, with respect to the ratio R^/R^ to obtain values of Rj 
and Rg to be used In the model. This critical value for the distal ter­
minal bed was found to be Rj^/R,p=0.2. He assumed the same value for the 
ratio RJ/RJ for the two branches. This was also the case with the 
brachial artery studied due to the symmetry of its branches. But, for 
the uterine artery the two branches have different diameters and they are 
not lumped at the branch point. Therefore, the modulus of K should be 
minimized for each branch to find the corresponding critical R^/R^. Fig­
ure 6.8 shows the variation of Mod K with Rj/R^ for the two branches 
under the two flow conditions studied. Based on these results, values of 
^2 and Rg which yield the minimum value of K were determined, and the FEP 
was run for the two flow conditions. The input values which are referred 
to as the "control values" hereafter, are given in Table 6.4. 
The results obtained through the FEP for the control cases cor­
responding to Q=25 and 100 ml/rain are shown in Fig. 6.9. The variation 
of the pulsatility index with distance along the artery for the two flow 
conditions is given in Fig. 6.10. As can be seen, the waveforms are 
smooth but the pulsatility indices are still higher than the observed 
values. The proximal PI for Q=25 ml/mln is 12.8, and that for Q=100 
ml/mln is 4.2. The impedance spectra for the two flow cases are given in 
Fig. 6.15. These are very close to the case with the Wlndkessel type of 
lumped Impedances. 
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Figure 6.8. Variation of modulus of the reflection coefficient K with 
the ratio R./R for the two branches in the uterine artery 
when mean flow takes the values Q » 25 and 100 ml/min 
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Figure 6.9. Variation of the flow and the pressure under control 
conditions 
(a) Pressure variation for a mean flow of 25 ml/min 
(b) Pressure variation for a mean flow of 100 ml/min 
(c) Flow variation for a mean flow of 25 ml/min 
(d) Flow variation for a mean flow of 100 ml/min 
Axis n denotes the nodal position, and axis t shows 
time in 10 ms intervals 
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Figure 6.10. Variation of the pulsatility index for the control 
conditions 
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Table 6.4. Lumped impedance parameter values for the control case 
Flow 25 ml/min 100 ml/min 
Branch A B A B 
«1 (Ns/mS) 2.920E 09 1.595E 09 1.947E 09 9.305E 09 
"2 (Ns/m^) 9.441E 10 5.158E 10 2.239E 10 1.236E 10 
S (m^/N) 1.940E-•11 3.586E-11 7.513E-•11 1.503E-•10 
'4 0.03 0.03 0.08 0.07 
<=0° (m^/N) 1.645 E-05 
(m4/N2) 5.864 E-11 
As the Pis predicted by the FEP are higher than the observed values, 
It seemed necessary to explore how and what parameters in the lumped im­
pedances control the overall Pis along the main artery. As the arterial 
segments are very short, it was decided to initially neglect their ef­
fects and study only the effects of the lumped impedances to see varia­
tions of the PI with R^/R^. Consequently, the representation of the 
artery was reduced to two lumped impedances and Z g in parallel, which 
has an equivalent impedance Z of 
1/Z = 1/Z^ + 1/Zg (6.8) 
Using the same value of R^/R^ for both branches, and the proximal 
pressure waveform of Fig. 6.2, the proximal flow variations for different 
values of this ratio were studied. Figures 6.11a and 6.11b show the 
results for the two flow conditions. These clearly indicate that 
increasing R^/R^ decreases the flow pulsatility. The values used were 
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Figure 6.11a. Time variation of the proximal flow for different 
values of the ratio R^/Rg for two modified 
Windkessel impedances in parallel (Q = 25 ml/min) 
174 
u 0) (0 
ro 
V 
o 
» 
o 
0.00 
-0.20 
Figure 6.11b. 
1 2 3 
Time (sec)/ Period 
Time variation of the proximal flow for different 
values of y* R^/R^ for two modified Windkessel 
impedances in parallel (Q = 100 ml/min) 
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the control values given in Table 6.4. Figure 6.12 shows the variation 
of the proximal PI with R^/R^ for the two flow cases. As seen, this re­
lationship is a smooth curve and is the same for both flow conditions. 
The R^/R^ values corresponding to the anticipated Pis of approximately 
3.0 and 1.0 are 0.11 and 0.35, respectively (for Q=25 and Q=100 ml/min). 
Two runs of the FEP were made using these R^/R^ values. The corre­
sponding input parameters are given in Table 6.5. Figure 6.13 shows the 
flow and pressure variations obtained and as can be seen there is some 
high frequency noise or "ringing" present in the predicted waveforms. 
As discussed in Chapter 3, increasing the ratio R^/R^ increases the 
values of the impedance spectrum at higher harmonics. This should be 
the factor causing increased amounts of reflections at higher harmonics. 
The variation of the pulsatility index is shown in Fig. 6.14. This shows 
a decline in the values of the PI over the cases studied previously. 
But these are still higher than the observed values. A comparison of 
the impedance spectrum for the control cases and the two runs with 
R^/R^=0.11 and 0.35 are shown in Fig. 6.15. Apparently, increasing 
R^/R^ causes certain components in the impedance spectra at certain 
points to reach resonance (although damped) conditions, setting up the 
reflections observed. 
A breakdown of the Fourier components of the flow waveforms at the 
first node shows that if only 3 harmonics are considered along with the 
mean flow value, smooth flow waveforms could be constructed. These have 
Pis of 4.2 and 1.2 for Q=25 and 100 ml/min, respectively. If the first 
three harmonics and the mean are filtered out, the balance waveforms show 
vividly the ringing effect. These are shown in Fig. 6.16. This suggests 
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Figure 6.12. Variation of the pulsatility index with 
RJ^ /R for two impedances in parallel to 
each other (under proximal mean flows of 
25 and 100 ml/rain) 
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Figure 6.13. Flow and pressure variations when Q-25 ml/min and 
RJ/R,J,-0. 11, and Q=100ral/min and R^/R^-0.35 
(a) Variation of pressure for Q»25 ml/min 
(b) Variation of pressure for Q=100 ml/min 
(c) Variation of flow for 0=25 ml/min 
(d) Variation of flow for Q=100 ml/min 
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Figure 6.14. Variation of the pulsatility index with nodal position 
for the runs with 7=0.11 (q-25 ml/min), and 7=0.35 
(Q"100 ml/min) 
179 
Figure 6.15. Impedance spectra for the control case and the cases 
with y«0.11, q=25 ml/min; and 7=0.35, Q=100 ml/min 
(a) Control case Q=25 ml/min 
(b) Control case Q=»100 ml/min 
(c) y-0.11, Q • 25 ml/min 
(d) y=0.35, Q = 100 ml/min 
180 
8.0 
mean + 9 harmonics 6 .0  
4.0  
mean + 3 harmonics 
0 .0  
- 2 . 0  
0.36 0.72 
TIME (sec) 
1 .0 8  1.44 
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Figure 6.16b. Flow variation at the proximal end for Q • 100 ml/min, 
and y-0.33 
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Table 6.5. Lumped Impedance parameter values for anticipated Pis of 3.0 
and 1.0 for Q=25 and 100 ml/mln, respectively. 
Flow 25 ml/mln 100 ml/mln 
Branch A B A B 
Rj (Ns/m^) 
Rg (Ns/m^) 
Cj, (m^/N) 
^l/^T 
eg (m^/N) 
Cj (m^N^) 
1.645 E-05 
5.864 E-11 
1.071E 10 
8.663E 10 
1.940E-11 
0 .11  
5.849E 09 
4.732E 10 
3.586E-11 
0 . 1 1  
8.517E 09 
1.582E 10 
7.518E-1I 
0.35 
4.653E 09 
8.641E 09 
1.503E-10 
0.35 
that the spurious reflections could be due to the reflections of higher 
harmonics or due to some resonance in the numerical scheme. There have 
been discussions about numerical damping in the past (Rockwell et 
al. 1974). Also, observations of the ringing effects are noted in 
studies Involving numerical schemes. 
A special case of the modified Wlndkessel model is obtained by set­
ting K equal to zero, i.e., no reflections from the peripheral beds. 
This case is defined by Eqs. (3.37) and (3.38) which are reproduced below 
for easy reference 
f = (Rg - RT)/l0 (6.9) 
and 
y = t(RQ/R^)(l.o + 0^) - 1.0](1/ ^ 2) (6.10) 
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Using this condition, R^/R^ values for the two branches were 
found and the FEP was run. The input values for this case are given in 
Table 6.6 and the results of the FEP are shown in Fig. 6.17. The pres­
sure and flow variations are given in Figures 6.17a-6.17d, and the varia­
tion of the pulsatllity Index is given in Figure 6.17e. The PI at the 
first node is approximately 18. The waveforms are smooth. As the PI we 
anticipate (=3.0) Is much smaller than 18, it seems that this condition 
is not met in the real system. These runs show that in order to achieve 
a PI of approximately 3.0, one should move R^/R^ in the direction away 
from a pure Windkessel towards a pure resistance. But, at the same time, 
the problem of ringing generated in the system has to be confronted. One 
suggestion to eliminate the high frequency components is to Increase 
viscosity. However, In the real system It could not be anticipated that 
there could be a large difference In the viscosity of blood in this 
artery from the average value. Nevertheless, it may be that one has to 
use a higher value of viscosity to numerically damp out the ringing ef­
fects in this mathematical model. To check this speculation, the FEP was 
run for the two flow cases, with Rj/r^=o.11 and 0.35, respectively, with 
viscosity increased by a third to 0.0060 Ns/m^. In the case of Q=100 
ml/min, an additional run with the number of elements doubled in each 
segment was also made. The results obtained were very similar to those 
shown in Fig. 6.13. Therefore, it seems that the ringing effect is not 
caused by the element size or lack of resistive damping. 
The expression for K, Eq. (3.36), is a function of four dimension-
less parameters a, I , y, and S2. Given P and Q the value of ig 
fixed. Also, a given proximal pressure waveform fixes w (the fundamental 
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Figure 6.17. Variation of the flow and pressure when the lumped 
impedances causes zero reflections 
(a) Pressure variation for Q • 25 ml/min 
(b) Pressure variation for Q • 100 ml/min 
(c) Flow variation for Q « 25 ml/min 
(d) Flow variation for Q = 100 ml/min 
Axis n denotes the nodal position, and axis 
t denotes time in 0.01 sec steps. 
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Figure 6.17e. Variation of the pulsatility index with nodal 
position when the peripherals cause zero 
reflections 
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Table 6.6. Lumped Impedance parameter values which causes zero 
reflections from the peripherals 
Flow 25 ral/min 100 ml/min 
Branch A B A B 
(Ns/m^) 1.849E 09 9.039E 08 1.811E 09 9.071E 08 
Rg (Ns/m^) 9.548E 10 5.227E 10 2.252E 10 1.239E 10 
(m^/N) 7.187E-•11 2.176E-•10 7.175E-•11 2.175E-•10 
Rj/R-p 0.02 0.02 0.07 0.07 
CQ (m^/N) 1.645 E-05 
C® (M /^N?) 5.864 E-11 
frequency). The assumptions used in evaluating makes the values cal­
culated approximate at best. Also, the experimentally determined values 
of CQ show a significant variation about the predicted values for three 
samples. Therefore, it is reasonable to consider the effects of varia­
tions in CQ and C,j,. To see how changes in compliances would affect the 
predicted flow waveforms, K was allowed to change with respect to S and 
and variations of each of these changes with Y studied. The control val­
ues of a, i , and i? for Q=25 ml/min were 2.55, 26.33 and 59.80, respec 
tlvely for branch A and 3.07, 26.60 and 60.42, respectively for branch B. 
First, S2 was allowed to vary from 10 to 100 in increments of 10 keeping d 
at the control value. Second, 6 was changed from 10 to 100 in steps of 
10 keeping i?constant at the control value. The results are shown in 
Fig. 6.18 for Q=25 ml/min. These plots show that K decreases in 
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Figure 6.18a. Variation of the modulus of the reflection coefficient 
K with the ratio R /R for fixed 5 and different values 
of i?—branch A, mean flow = 25 ml/min 
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Figure 6.18b. Variation of the modulus of the reflection coefficient 
K with the ratio R,/R for a fixed and different 
values of 6 —branch A, mean flow = 25 ml/min 
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Figure 6.18c. Variation of the modulus of the reflection coefficient 
K with the ratio R^/R^ for fixed i and different values 
of Q—branch B, mean flow = 25 ml/min 
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Figure 6.18d. Variation of the modulus of the reflection coefficient 
K with the ratio R^/R^ for fixed Q and different values 
of Ô— branch B, mean flow = 25 ml/min 
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magnitude with Increasing iPbut reaches a minimum for a certain value of 
Figure 6.19 shows a plot of the minimum modulus K with for control 
values of a and â . The global minimum of K occurs at S?=15, this cor­
responds to a CQ value of l/16th of the control value for this flow of 25 
ml/mln. This result Is In accordance with the observation mentioned ear­
lier, namely that the artery becomes stlffer with falling mean flow rate. 
Therefore, It seems that the behavior of the uterine arterial system com­
piles with the minimum reflection requirements. The same exercise was 
repeated next with replaced by CQ/16. The results show that for this 
new value of reflections are minimized when y=0.07 for branch A and 
0.09 for branch B. With these values (summarized In Table 6.7) the FEP 
was run, and the predicted flow at the first node Is given in Fig. 6.20. 
The PI of this waveform is 3.45. The pressure and flow waveforms for 
this case are given in Fig. 6.21 and the variation of the PI given in 
Fig. 6.23. 
The observed waveforms for low flow conditions have a sharp systolic 
rise and a gradual diastolic decay. They rarely indicate any reversal of 
flow. The waveform given in Fig. 6.20 has a sharp rise but it has a 
small reversal of flow. Also, its diastolic phase is steeper than the 
observed waveforms. However, the pulsatllity index is In the range of 
observed values. 
The pressure waveform used as the proximal boundary condition has 
been obtained from a cow under anaesthesia when the heart rate is usually 
high. The flow waveforms were obtained by chronically implanted elec­
tromagnetic flow meters under normal conditions. The heart rate of the 
observed flow waveform selected for comparison was about twice as low 
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Figure 6.20. Proximal flow variation for Q = 25 ml/min 
and CQ/16 
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Figure 6.21a. Flow variation for Q"25 ml/min, and 0^/16 
Figure 6.21b. Pressure variation for Q=25 ml/min, and C /16 
Figure 6.22a. Flow variation for Q=25 ml/min, C^/2, and 0^/16 
Figure 6.22b. Pressure variation for 0=25 ml/rain, CL/2, and 
C /16 ^ 
0 
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Table 6.7. Lumped Impedance parameter values corresponding to the global 
minimum of K with respect to Q for a flow of 25 ml/mln 
Branch A B 
(Ns/m^) 0.6813E 10 0.4786E 10 
Rg (Ns/m^) 0.9052E 11 0.4839E 11 
(m^/N) 1.940E-11 3.586E-11 
Rj/RT 0.07 0.09 
eg (m^/N) 0.103 E-05 
Cj (m^/wf) 0.023 E-11 
than the Input pressure waveform used. As discussed in Chapter 3 the 
lumped impedance Is sensitive to the heart rate. Also, whenever ap­
pears in the expression for the lumped Impedance, It does so with w as 
the product C^w. Therefore, a more realistic comparison of predicted and 
observed flow waveforms can be made if the value of used In the FEP Is 
reduced by a factor of 2 as this will correspond to reducing the fre­
quency by a factor of 2 in the lumped impedance. It should be emphasized 
here that this adjustment does not alter the frequency effects in the 
main artery. When the FEP was run with half the value of the lumped com­
pliances (C^), the results obtained matched very well with the observed 
flow waveform. The mean flow and pulsatillty index of the observed flow 
waveform were 27.5 ml/mln and 3.0, respectively, whereas the predicted 
waveforms had a mean flow of 25 ml/min and a PI of 2.8. The flow and 
pressure variations predicted are shown in Fig. 6.22. The PI variation 
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is given In Fig. 6.23. A comparison of the measured and predicted 
waveforms Is given In Fig. 6.24. 
For the high flow case the exercise to see variations of the modulus 
of K with i and X? was repeated. The minimum reflections corresponded to 
an value of 14. The control i?values used were 14.95 for branch A and 
15.11 for branch B. This again was encouraging as the CQ value and the 
diameters used corresponded to the high flow phase. Hence, this further 
justifies the low value of (=CQ/16) that had to be used In the low 
flow case. 
The control case for the high flow rate yielded a proximal PI of 
4.2. As discussed earlier, attempts to decrease the PI by increasing 
Rj^/Rrp resulted in unwanted reflections. The resistive case gave a Pi of 
3.0 with all the reflections. When a value of Rj/R^=0.35 was used, it 
gave a lesser PI of 2.6, but with spurious reflections. As indicated In 
Fig. 6.25, these high frequency noise components could be filtered out by 
employing a suitable method. The results shown in Fig. 6.25 show that a 
seven-point moving average would damp out most of the reflections. 
Therefore, each predicted flow point was replaced by the average of seven 
points. These seven points were taken beginning at the third point to 
the left of each point and continuing through to the fourth point to the 
right. The results, as anticipated, damped out most of the large reflec­
tions. Figure 6.25a shows the filtered pure resistive proximal flow with 
a PI of 1.07. Figure 6.25b shows the filtered flow when R^/R^=0.35. This 
has a PI of 1.26 and a mean flow of 100 ml/min and agrees satisfactorily 
with the observed waveform with a PI of 1.35 and a mean flow of 87.5 
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Figure 6.24. Comparison of computer generated flow waveforms and 
those measured from chronically implanted electro­
magnetic flowmeters. Proximal flow variation for 
Q = 25 ral/min, CQ/16, and C /^2 -
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Figure 6.25. Proximal flow waveforms predicted by the FEP when 
filtered using a moving average scheme 
(a) Resistive lumped impedances, mean flow 100 ml/min 
(b) R^/R = 0.35 and mean flow = 100 ml/min 
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ml/mln. The frequencies of the observed and predicted waveforms did not 
differ significantly. And the fact that a correction in not 
called for to match the two waveforms supports the argument put forward 
in the low flow case—the discrepancies were due to the frequency mis­
match. A comparison of observed and predicted waveforms is given in 
Fig. 6.26. 
As shown in Chapter 3 the condition yields the maximum phase 
lag for given and w. To see how this condition affects the flow 
waveform, the FEP was run for the high flow case with corresponding to 
2 
Y/S =1 and Y= 0.35. The proximal flow predicted is shown in Fig. 6.27. 
Also several runs were made with values of between the control and 
the value corresponding to This was repeated for the low flow 
case also. The results could be explained by only referring to Figs. 6.26 
and 6.27. If the value corresponding to is smaller than 
the control value (as is usually the case is), decreasing would shift 
the high frequency components of flow to the right. Most of the time 
this resulted in flatter systolic waveforms—the key difference between 
Fig. 6.26 and Fig. 6.27. Also this reduced the PI by a small amount. 
In summary, the FEP could be used to simulate blood flow in the 
bovine uterine artery satisfactorily provided that good estimates of the 
lumped impedance and the main arterial characteristics were used as input 
parameters. The PI could be decreased by increasing the ratio 
The reflections caused by this could be filtered using a suitable moving 
average. Decreasing towards the value corresponding to the condition 
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Figure 6.26. Comparison of computer generated flow waveforms and 
those measured from chronically implanted electro­
magnetic flowmeters. Proximal flow variation for 
Q - 100 ml/min. Time is normalized to the period 
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199 
0 . 0 0  0 . 3 6  0 . 7 2  1 . 0 8  
TIME (sec) 
1 . 4 4  
Figure 6.27. Proximal flow variation predicted by the FEP and filtered 
using a moving average scheme for mean flow • 100 ml/min, 
yyr-1.0 and y-0.35 
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n 
yfi =1 yielded flatter diastolic waves and lower Pis. Frequency effects 
were roughly the same as effects caused by values. But one should 
bear in mind that w also appears in the main arterial characteristic im­
pedance. The dependence of the characteristic and load impedances on the 
frequency w may very well be indicating why the cardiovascular system 
reacts to sudden changes in blood flow demands by changing w immediately. 
It affects characteristic Impedances, and either increases or decreases 
peripheral reflections by changing Y. Therefore, until the peripherals 
respond by changing and Rj/R-j ratios, the immediate response is made 
by changing w. 
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CHAPTER VII. SUMMARY, CONCLUSIONS AND RECOMMENDATIONS FOR FUTURE STUDY 
Summary 
This study has presented a mathematical model to analyse arterial 
flow including branches, taper, nonlinear area-pressure relationships, 
pulsatile effects of friction, seepage, and the effects of the presence 
of single and multiple arterial stenoses. The computer program developed 
has demonstrated Its capability to handle all these satisfactorily under 
a variety of conditions. The finite element method of analysis was used, 
with seml-dlscrete shape functions, to express pressure and flow at the 
nodes. The effects of small branches were modeled using a seepage func­
tion, and the effects of large branches were studied by the inclusion of 
a representative arterial segment terminating at a lumped Impedance. 
These lumped Impedances represented the effects of the peripherals con­
sisting mainly of the arterioles and the capillaries. Three forms of 
lumped impedances were studied; (1) purely resistive, (2) pure Windkes-
sel type, and (3) modified Wlndkessel type. The third type had a resis­
tance in series with a Wlndkessel comprising a parallel combination 
of a resistance R^ and a compliance C,j,. Also, the behavior of the 
reflection coefficient based on the linearized momentum and continuity 
equations and a modified Wlndkessel lumped impedance was studied in 
detail. This was accomplished by expressing the reflection coefficient 
as a function of four dlmensionless parameters. One of these was the 
frequency parameter and another was the ratio R^/(R^ + in the lumped 
impedance. The two remaining parameters represented compliance effects 
of the lumped impedance and the main artery. 
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The computer program was used to simulate flow In four different 
arterial segments; (1) the arteries In the hlndleg of the dog, (2) the 
arteries In the human leg, (3) the arteries In the human arm, and (4) the 
bovine uterine artery. In the first two segments studied, the branches 
were represented by lumped Impedances placed at the branch locations 
themselves. The effects of representing a branch by a lumped impedance 
placed at the location of the branch point of the parent artery Itself 
as opposed to representing a branch by an arterial segment terminating 
at a lumped Impedance was studied using the human arm arteries. 
Simulation of flow In the canine hlndleg arteries was done as a 
validation study. The parameters In the system representing the canine 
hlndleg arteries were estimated using experimental data and the simulated 
flow and predicted flows were compared with observed waveforms. The 
canine hlndleg arteries were also used to find the sensitivity of the 
solution to the seepage relationship used in the continuity equation. 
Effects of using the three different types of lumped impedances mentioned 
above were studied using the human leg arteries and the bovine uterine 
artery. The sensitivity of the solution to the parameters , R^, and 
in the modified Wlndkessel lumped Impedance was studied in detail. 
The effects of the presence of arterial stenoses on the flow and 
pressure waveforms were Investigated with the aid of the model represent­
ing the human leg arteries. Several cases were studied; (1) multiple 
stenoses of different severities located in the same segment of an 
artery, (2) stenoses located in different segments of the same artery, 
and (3) changes in the predicted flow and pressure waveforms when the 
peripheral beds compensate (by reducing the peripheral resistance) for 
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the pressure loss caused by the stenosis. The effects of the Inclusion 
of a pulsatllle component In the friction expression was also studied. 
Conclusions 
From the results obtained and presented In the various chapters the 
following general conclusions can be drawn: 
1. The finite element method, with seml-dlscrete shape functions 
used to describe pressure and flow as the nodal variables, is 
capable of yielding reasonable results In the analysis of 
arterial flow. 
2. The program developed Is capable of handling branches, taper, 
nonlinear equations of state, seepage, and the presence of 
single and multiple arterial stenoses. 
3. The results obtained with this program compare well with those 
of earlier studies, as Illustrated by Its use to simulate blood 
flow In the human femoral artery. 
4. The study has demonstrated the Importance of representing the 
compliant effects of the peripherals by Including a compliance 
In the lumped impedance representations. 
5. The program clearly shows that the pulsatility index is a strong 
function of the ratio of the resistances in the lumped imped­
ance. The lower the ratio, the higher the pulsatility index 
and vice versa. 
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The presence of even a small distributed arterial segment 
affects the overall solution. This Is illustrated by the analy­
sis of the uterine artery of the cow using only the lumped 
Impedances and then including the short arterial segments. 
The predictions made from the computer model in the case of the 
canine hindleg arteries are encouraging. They show the impor­
tance of using the correct parameter values for the lumped 
impedances. 
The canine hindleg arterial analysis also shows that the modi­
fied Wlndkessel lumped impedance representation is correct only 
when the peripherals show compliance-dominant characteristics. 
The estimation schemes used here failed when the peripherals 
showed inductive characteristics. 
The ratio of the first resistance in the lumped impedance to the 
total resistance, y , for the canine hindleg arteries appears to 
fall in the range of 0.05 to 0.1 and the lumped compliance in 
the range of 0.4x10 to 1.0x10 m^/N, with T= 0.05 and 
= 0.4x10 m^/N being good initial estimates. 
The seepage term did not affect the overall solution in the case 
of the canine hindleg arteries. Therefore, the effects of the 
small arteries could be safely ignored in analysing this system. 
However, increasing seepage lowers the pulsatlllty index. 
Whenever pressure and flow waveforms at the proximal end of a 
peripheral bed are available, the peak pressure and flow 
205 
conditions may be used to obtain estimates for the lumped 
impedance parameters. 
The representation of a branch by its terminal lumped impedance 
at the branch point lowers the overall pulsatlllty index of the 
system proximal to the branch, when compared to representing a 
branch by an arterial segment terminating with a lumped imped­
ance. 
The analysis shows that the effects of pulsations on the frlc­
tional term can be represented by an increase in the value of 
the dynamic viscosity of blood. (This study used a 10% incre­
ment with satisfactory results.) It also shows that the inclu­
sion of a pulsatile frlctional term does not affect the overall 
solution significantly. 
The analysis for arteries containing stenoses clearly shows the 
applicability of this computer model to the study of diseased 
arteries. 
The numerical scheme used in the present study sometimes indi­
cated questionable reflections in the predicted flow waveforms. 
Although it cannot be conclusively proven that these are due to 
"numerical" noise, the presence of these high frequency compo­
nents in the solution should be given close scrutiny. Elimina­
tion of these by the use of moving averages yielded results 
compatible with observations, as Illustrated in the high flow 
case of the bovine uterine artery. 
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Recommendations for Future Study 
It seems appropriate to include suggestions for future studies in 
this field based on the merits of the current study. With the conclusion 
that the finite element method Is a useful tool for the analysis of 
arterial flow, it would be interesting to study the effects of using 
other types of shape functions. As mentioned before, discrete shape 
functions have already been used with satisfactory results. One other 
type of shape function that could be used is the quadratic shape func­
tion. It would be of value in a mathematical sense to explore this to 
see whether quadratic shape functions would have an advantage over the 
linear shape functions used thus far. Questions such as whether this may 
speed up the convergence process, handle the case of resistive impedances 
without yielding redundant reflections, etc., could only be answered 
through such analyses. 
Mathematically it would be a challenging task to explore the sources 
of the spurious reflections. It is not known whether these are caused by 
the numerical schemes employed, or whether they are inherent in the 
actual system. 
The pressure and flow data collected using dogs under anaesthesia 
and injected with acetylcholine to cause local vasodilatation, suggest 
that inertlal effects may be important in the representation of the 
peripheral beds. In the present study, the estimation schemes used to 
evaluate the lumped impedance parameters failed since the differential 
equation representing the peripheral Impedance did not include the 
effects of an inertlal term. Therefore, it would be important to study 
the effects of the inclusion of an inductance in the lumped impedance. 
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It may be that under such conditions the branches should not be lumped 
at the main artery Itself, but be represented by an arterial segment 
ending at a lumped impedance. In this way the interial effects could 
be adequately represented by the arterial segment and the compliant 
effects by the lumped impedance. 
The study done on compensation of peripheral beds could be expanded. 
However, as it is, the program cannot handle collateral flows from other 
capillary beds. An attempt should be made to include these. The program 
can handle stenoses which are rigid only. The inclusion of compliant 
stenoses should be further examined. Also, the program was not tested 
with stenoses at the branches which are common sites, and the representa­
tion of branches should be examined in more detail. 
Further studies should be conducted to understand the behaviour of 
arterial walls under in vivo conditions. The program did not take into 
account the possible visco-elastic properties of the main artery. 
In an overall sense the finite element program chat was developed 
satisfactorily predicted the flow and pressure propagation along seg­
ments of arteries provided the correct parameter values are used. 
Conversely, measured flow and pressure waveforms could be used in a 
parameter estimation scheme to evaluate unknown parameters. The conclu­
sions made here could be used as guidelines in selecting initial guesses 
and interpreting the results. 
The flexibility of the program has taken it one additional step 
towards the final goal—developing a mathematical model to accurately 
predict flow and pressure in the arterial tree. The encouraging thing 
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is that it seems highly probable that such a scheme will evolve in the 
foreseeable future. 
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